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Abstract 
An analysis on the fundamental components of a partially integrated flywheel energy storage 
(FES) system was conducted. These components included the flywheel and supporting shaft 
(rotor); supporting bearings; motor/generator unit and containment structure. A set of key 
system design parameters were established to which the component properties were modelled 
from. The analysis included three-dimensional stresses exerted on the rotor, required 
containment structure thickness and bearing power losses for both active magnetic and 
mechanical contact types. The component models were applied to the existing designs from 
Hebner, Beno and Walls (2002), Jordan, Herbst and Hayes (2002) and Hearn et al (2007). The 
results from these comparisons found energy storage capacities in the near vicinity of the 
expected values with design stresses within material limitations. Justifications involving 
inaccurate modelling assumptions, material choices and the possibility of shafts with varied 
diameters were pinpointed for the discrepancies. 
An optimisation model including both a global heuristic and derivative-dependant local 
scheme was then developed to determine the design parameters values which achieved an 
energy storage capacity at an optimised system mass or cost. Specified bounds were set 
specific to the required design and constraints created from the modelled components. The 
transit bus FES system from Jordan, Herbst and Hayes (2002) was optimised for the purpose 
of validation and comparison. The mass-focussed optimisation returned a carbon fibre 
composite flywheel paired with a steel shaft, achieving a specific energy storage capacity of 
12.06 Wh/kg at a specific power output of 860 W/kg. The optimiser was found to minimize 
both the flywheel height and angular velocity in an attempt to reduce the mass of the greatest 
contributing component: the containment structure. The cost-optimised model was achieved 
with an aluminium alloy flywheel paired with a steel shaft and returned a specific energy 
storage capacity and power output pair of 5.52 Wh/kg and 393.43 W/kg respectively, placing 
both designs in the expected FES performance bracket specified by Briat et al (2007). The 
lower steel shaft cost of $1/kg vs $2/kg for the aluminium alloy flywheel resulted in the 
optimiser increasing the size of the shaft to within specified bounds to reduce the requirement 
of the more expensive flywheel material.    
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1.0 Introduction 
1.1 Background Information 
Energy storage systems are essentially storage units for generated power. The performance of 
these systems is characterised by the amount of energy that can be stored (energy storage 
capacity) and the rate at which this energy can be moved both in and out of the system (power 
output). Conventionally, electrochemical cells and ultracapacitors which store energy 
electrochemically are used to achieve this task (Hansen and O’Kain, 2011). Flywheel energy 
storage (FES) systems differ in that they store energy mechanically in a rotating mass. 
Removing energy from the system reduces its angular velocity and vice versa. This 
fundamental difference provides FES systems with a unique set of advantages over 
conventional systems for certain applications.  
FES systems excel in applications that require high-energy discharge rates. These systems can 
achieve discharge rates per unit mass an order of magnitude greater than the standard 
electrochemical cell alternative (Krack, Secanell and Mertiny, 2011) and similar to those of 
ultracapacitors (Doucette and McCulloch, 2010) as seen in Fig. 1 from Briat et al (2007). FES 
systems are suitable for specific energy storage capacities of between 2 Wh/kg (7.2 kJ/kg) and 
14 Wh/kg (15.4 kJ/kg) (Fig. 1) with specific power outputs in terms of cost ranging from 
$400/kW to $800/kW (Hebner et al, 2002).  
Figure 1: Specific energy vs. specific power for various ESS (Briat et al, 2007) 
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Furthermore, unlike electrochemical cells, FES systems do not experience a noticeable 
reduction in energy storage capacity throughout their lifespan. Exhausting the entire capacity 
of an electrochemical battery each use will result in a typical cycle life span in the vicinity of 
104 cycles (Hedlund et al, 2015). When compared to an expected life span of approximately 
106 cycles, FES systems far outweigh the electrochemical cell alternative when large charge-
discharge cycle counts are required (Hedlund et al, 2015). FES systems really stand apart 
from the alternatives in their reduced environmental impact. In a time where environmental 
awareness is becoming paramount, chemical-free and environmentally friendly alternatives 
are becoming more widely incorporated. FES systems do not consist of the harmful chemical 
compounds found in alternative systems resulting in a reduced environmental impact during 
both manufacturing and discarding (Krack, Secanell and Mertiny, 2011). Additionally, FES 
systems can operate in a broad range of temperatures with negligible performance degradation 
making them ideal for use in a wider range of environments.  
1.2 Thesis Definition 
FES systems are environmentally-preferred, high discharge rate, energy storage systems, with 
a broader range of operating environments and reduced maintenance requirements than the 
electrochemical alternatives. These systems need to be sized according to a required energy 
storage capacity within specified parameter bounds for specific applications.  The energy 
storage capacity of an FES system is a function of the design parameters. Through adjusting 
these parameters, the energy storage capacity of the system can be fine-tuned to achieve a 
desired energy storage capacity. There is a significant design trade-off between the storage 
capacity and the mass and cost of the system. A list of failure criteria can be determined to 
limit the adjustment of parameter values to within structural limitations of the materials used. 
The aim is to produce a model which accurately determines the design parameters of a 
partially integrated FES system required to achieve a desired energy storage capacity at a 
minimized mass or cost. More specifically, the model will accept an energy storage capacity, 
power output, geometric parameter bounds and property to be optimised (mass or cost). Using 
these inputs, the optimiser will then return the set of design parameter values which achieve 
the storage capacity, within the specified bounds and mechanical limitations, at the lowest 
achievable optimisation property (mass or cost).    
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1.3 Thesis Objectives 
To achieve the task, the partially integrated FES system will first be subdivided into the 
fundamental components required for its operation. The key design parameters which form 
the foundation to which each component will be modelled, will then be determined. A series 
of relationships will then be formed between the key design parameters and the stress state in 
each design component (if apparent) as a result of the rotational nature of the system. Each 
design component will also be modelled from the key design parameters to acquire the 
resulting mass and cost. The system losses will also be analysed and the additional system 
size required to overcome them calculated. Each component model will be validated through 
comparison with existing designs.  
Optimising the design will first require the review and testing of multivariable optimisation 
methods to prove that a true convergence on the global minimum can be attained. Constraint 
equations will then be formed from the stress analysis conducted in the component models to 
limit the parameter values to within mechanical limits. The component and total system 
optimisation models will be constructed using the Python programming language. Existing 
designs will be optimised and the results discussed to justify conclusions.       
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2.0 Literature Review 
2.1 Key Principles  
FES systems store energy mechanically through the rotation of a rotor consisting of a 
flywheel and supporting shaft. For a cylindrical flywheel, various sources (Briat et al, 2007; 
Hansen and O’Kain, 2011; Hedlund et al, 2015) concur that the kinetic energy is a function of 
its mass moment of inertia and angular velocity as  
𝐸h = 12 𝐼3(𝜌, 𝑟1, 𝑟J, ℎ6,789..,)𝜔_ (1) 𝑤ℎ𝑒𝑟𝑒	𝐼3 = 𝑟𝑜𝑡𝑜𝑟	𝑚𝑎𝑠𝑠	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝑖𝑛𝑒𝑟𝑡𝑖𝑎	(𝑘𝑔𝑚_),	 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑐𝑜𝑖𝑡𝑦	(𝑟𝑎𝑑/𝑠). 
The mass moment of inertia is a function of the design parameters: inner radius, outer radius, 
height and material density (see Appendix 9.1). Therefore, the total energy storage attainable 
by the system is achieved through the adjustment of these parameters and the angular 
velocity. It is worth noting that the energy storage potential of the system is increased linearly 
with mass however squared with rotational velocity. Therefore, increasing the rotational 
speed is more beneficial to the energy storage capacity than increasing the moment of inertia. 
The maximum rotational speed and therefore maximum energy storage capacity is limited by 
the structural strength of the flywheel material (Briat et al, 2007; Herbst et al, 2005; Hearn, 
2013).  
In a rotating mass, the stress state is comprised of both radial and tangential components with 
tangential being the more dominant of the two (Krack, Secanell and Mertiny, 2011; Post, 
Fowler and Post, 1993). Borisavljević (2013) and Hearn et al (2007) suggest that either a von 
Mises of Tresca equivalent stress should be incorporated as the maximum stress failure 
criterion. Using one of these stresses would produce a more trustworthy failure criterion as 
both the tangential and radial components are incorporated into a single equivalent stress. In 
regard to safety factors, Hearn et al (2007) recommends a safety factor of 2 when determining 
the maximum rotational speed from the material stress limit. A similar however slightly less 
generous value of 1.4 was used by Post, Fowler and Post (1993).  
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Another consideration with rotating masses is the critical rotation speed. The static deflection 
of the rotor as well as small inconsistencies in the rotor material result in an offset of the 
centre of mass from the rotational axis. This in turn causes the shaft to oscillate during 
operation. The critical rotation speed occurs when the shafts natural frequency is reached, 
leading to significant shaft vibrations. Ahlstrom et al (1998) states that the FES system is 
generally designed so that the operating range avoids critical speeds. Furthermore, in terms of 
safety, Hebner, Beno and Herbst (2002) state that a 20% buffer should be maintained by the 
operating range from the nearest critical frequency.       
2.2 Main Components 
2.2.1 Configurations 
FES systems usually consist of a flywheel, supporting shaft, shaft supports (bearings), 
motor/generator unit, containment enclosure and any additional components such as vacuum 
pumps, gimbal system and control electronics (Hearn, 2013). These components generally 
take the form of either non, partially or fully integrated configurations (Fig. 2).  
The main difference in each design is the positioning of the motor/generator. Non-integrated 
systems have their flywheel rotor separate from the motor/generator unit and coupled 
externally. The partially integrated system is similar however the rotating magnet of the 
motor/generator is fixed to the supporting shaft. Lastly, the fully integrated system positions 
the permanent magnets of the motor/generator on the flywheel itself. Hayes et al (1999) 
claims that there are “good arguments” for both integrated and non-integrated configurations. 
The general trend is an increase in space efficiency at the expense of increased complexity 
Figure 2: FES system configurations (Hayes et al, 1999) 
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and reduced flexibility when the system becomes more integrated (Hayes et al, 1999). In other 
words, if a small footprint is required with no limitation on cost and complexity, an integrated 
system would be better suited than a non-integrated.  
2.2.2 Flywheel 
The energy storage capacity of a flywheel is governed by its shape, dimensions and material. 
Selecting a hollow cylinder with the greatest mass moment of inertia will result in the highest 
energy storage density for a constant angular velocity. Rózewicz (2014) implies in his article, 
“Shape Optimization of a Flywheel”, that the greatest mass moment of inertia of a hollow 
cylinder is achieved when the inner radius is minimized. This would result in a mostly solid 
cylindrical flywheel with an inner radius consistent with the minimum shaft radius required. 
Similar designs have been observed from Hayes et al (1999) and Hearn (2013) at the Centre 
for Electromechanics at The University of Texas (UT-CEM). Symmetry about the rotational 
axis is also required to maintain stability during operation. An unsymmetrical flywheel would 
consist of a centre of mass offset from the rotational axis, resulting in large oscillations of this 
axis during operation (Post, Fowler and Post, 1993). Bakay et al. (2010) models the unbalance 
force as:  𝐹()*+,+)-. = 𝐺𝜔𝑚/ (2) 
𝑤ℎ𝑒𝑟𝑒	𝐺 = 𝑞𝑢𝑎𝑙𝑖𝑡𝑦	𝑔𝑟𝑎𝑑𝑒	𝑜𝑓	𝑢𝑛𝑏𝑎𝑏𝑙𝑎𝑛𝑐𝑖𝑛𝑔 = 	6.3𝑚𝑚𝑠}]	𝑓𝑜𝑟	𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙𝑠	 𝐵𝑎𝑘𝑎𝑦	𝑒𝑡	𝑎𝑙, 2010 ,	 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	(𝑟𝑎𝑑/𝑠), 𝑚/ = 𝑟𝑜𝑡𝑜𝑟	𝑚𝑎𝑠𝑠	(𝑘𝑔) 
The choice of flywheel material is entirely dependent on the optimisation goal of the system. 
Assuming the system is being optimised for mass, Ashby (2011) states that the most desired 
material will have a high strength to density ratio (Fig. 3). This results in materials such as 
composites, ceramics and high-strength metals being ideal for task. 
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According to Pullen and Dhand (2014), Hedlund et al (2015) and Werst (2010), commonly 
used flywheel materials include steel (AISI 4340), aluminium alloy (7075), titanium alloy and 
carbon fibre composites. These materials all fit in the target region of Fig. 3 and therefore 
corroborate with Ashby’s relationship.  
2.2.3 Motor/Generator 
The motor/generator unit is responsible for transferring power both in and out of the system. 
Various sources state that FES systems commonly use permanent magnet synchronous 
machines to achieve this task (Briat, 2007; Flynn and McMullen and Solis, 2008; Post and 
Fowler and Post, 93). Acarnly et al (1996) further adds that permanent magnet machines are 
desirable for FES systems due to their high torque densities and low rotor losses. Reluctance 
motors were explored by Acarnly et al (1996) however conclude that they consist of lower 
specific torque densities as well as large eddy current losses therefore aren’t as desirable as 
permanent magnet alternatives. A correlation in modelling permanent magnet synchronous 
machines (PMSM) was found between the desired energy discharge rate (power output) and 
the mass/cost of the system. However, a wide range of data was found for specific power and 
specific cost in terms of power for PMSM as seen in Table 1. 
Figure 3: Optimal flywheel material choices (Ashby, 2011) 
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Table 1: Permanent Magnet Synchronous Machine Mass and Cost 
Source Specific Power (kw/kg) Specific Cost ($/kw) 
Rogers (2012) 1.2-1.6 4.7-11.1 
Amiryar and Pullen (2007) 1.2 57 
An and Binder (2016) 5 - 
Post, Folwer and Post (1993) 8.8 - 
Hansen and O’Kain (2011) 1.1-4.05 - 
2.2.4 Bearings 
Bearings are incorporated to support the rotor whilst providing minimal rotational resistance. 
The two bearing types commonly used are mechanical contact and active magnetic bearings 
(AMBs). Mechanical contact bearings operate by providing the shaft with rotational freedom 
through direct physical contact. AMBs differ in that the shaft is suspended by active 
electromagnets positioned around the shaft. These magnets are active meaning the attractive 
force they provide is proportional to the power provided to them. Position sensors determine 
the shaft’s offset from centre and the current required to counteract this offset is then supplied 
to the electromagnets to maintain stability of the rotor (Chiba et al, 2005). Permanent magnets 
are usually integrated to counteract the static weight of the shaft. This reduces the power 
required by the electromagnets as they only need to counteract the unbalance forces from 
rotary instability, improving overall system efficiency (Alves, 1998).   
Tong (2014) states that AMBs are far more efficient than mechanical contact bearings due to 
reduced frictional drag and higher damping. UT-CEM have demonstrated an average 1-3% 
stored energy loss per hour with the use of active magnetic bearings. (Hearn, 2013). 
Mechanical bearings on the other hand can expect losses in the vicinity of 5% per hour 
(Strasik et al, 2007).   
However, as stated by Hearn et al (2007), AMBs increase both the weight and volume of the 
system and still require mechanical bearings as a failsafe. Furthermore, additional controls are 
required to operate the bearings increasing the mass, cost and complexity of the overall 
system. Hedlund et al (2015) also infers that although magnetic bearings have lower standby 
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losses, additional space and complexity is added to the system to incorporate them. Another 
point from Pullen and Dhand (2014) is that magnetic bearings are not well suited to 
applications where gyroscopic forces may exist. They state that magnetic bearings may need 
to be “substantially oversized” to handle the additional gyroscopic forces.  
The mass and cost of the magnetic and mechanical bearings configurations varied across a 
variety of sources represented most often as a percentage of the supported mass. Rodriguez, 
Studer and Baer (1983) and Thompson, Beno and Pak (2002) presented FES system models 
with magnetic bearing configuration masses in the vicinity of the 15-17% of the rotor mass. In 
regard to cost, Kaldellis (2010) specifies that the bearing configurations used in FES systems 
can range in the vicinity of 30-70% of the cost of the rotor material. This broad range of cost 
results from the inclusion of both active magnetic and mechanical contact options.  
2.2.5 Containment 
The containment structure surrounds the flywheel and shaft and contains the system in the 
event of a catastrophic failure (Hearn et al, 2007). Hansen and O’Kain (2011) state that, “by 
far the greatest technical challenge facing the developer of mobile flywheel systems is the 
issue of safety and containment”. When minimizing mass and cost, the addition of a large, 
cumbersome containment structure is not desirable. Metallic flywheels fail through crack 
propagation which results in large chunks of debris leaving the flywheel when a critical crack 
length is reached. Composite flywheels on the other hand tend to break apart in small dust-
like particles, acting as a liquid rather than disjointed chunks (Pullen and Dhand, 2014). If the 
failure stress of the material is exceeded, the characteristic burst failure mode of composite 
flywheels results in the mixture of composite particles being ejected radially into the inner 
wall of the containment structure. Pichot et at (1997) models the pressure from the burst 
failure on the inner wall of the containment structure as: 
𝑃 = 𝜌6,789.., 𝑟 + 𝜕𝑟 _𝜔𝑡_1 + 𝜔_𝑡_ ` 1 − 𝜔𝑟J 1 + 𝜔_𝑡_(𝑟 + 𝜕𝑟)𝜔_𝑡 _ (3) 
𝑤ℎ𝑒𝑟𝑒	𝜌6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑑𝑒𝑛𝑠𝑖𝑡𝑦	 𝑘𝑔𝑚` , 𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠 𝑚 , 	𝜕𝑟 = 𝑎𝑖𝑟	𝑔𝑎𝑝	 𝑚 , 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑙𝑡𝑦	 𝑟𝑎𝑑𝑠 , 𝑡 = 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒	𝑎𝑝𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛	𝑡𝑖𝑚𝑒	(𝑠).	 
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A successful containment structure will need to withstand the pressure exerted on its inner 
surface by the ruptured flywheel. The main approach to FES system containment structure 
design is a rigid thick-walled pressure vessel. This system benefits through simplicity and 
effectiveness with a strong disadvantage to additional system mass (Pichot et al, 1997). One 
method of lowering the mass of the containment structure is through the addition of an energy 
absorbent layer along the inner wall of the structure as seen in the drastically reduced volume 
of the energy absorbing layered containment structure in Fig. 4 (Hedlund et al, 2015). Sources 
state that this could absorb a ‘substantial’ (Pichot et al, 1997) amount of burst energy, as 
much as 50% of the debris particles (Colozza, 2000).   
Another common issue is that the torque applied by the angular deceleration of the fragments 
is too great for the supports holding the containment structure in place. Pichot et at (1997) 
models the torque load as: 𝑇 = 2𝜋(𝑟J + 𝜕𝑟)_𝐿𝜇𝑁d(𝑡) (4) 𝑤ℎ𝑒𝑟𝑒	𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	 𝑚 , 𝜕𝑟 = 𝑎𝑖𝑟	𝑔𝑎𝑝	 𝑚 , 𝐿 = 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑚𝑒𝑛𝑡	𝑙𝑒𝑛𝑔𝑡ℎ	 𝑚 ,	 𝜇 = 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡	𝑜𝑓	𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛	𝑏𝑒𝑡𝑤𝑒𝑒𝑛	𝑤𝑎𝑙𝑙	𝑎𝑛𝑑	𝑓𝑟𝑎𝑔𝑚𝑒𝑛𝑡𝑠, 𝑁d = 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒	𝑟𝑒𝑠𝑢𝑙𝑡𝑖𝑛𝑔	𝑓𝑟𝑜𝑚	𝑡ℎ𝑒	𝑐𝑒𝑛𝑡𝑟𝑖𝑔𝑟𝑢𝑎𝑙	𝑓𝑜𝑟𝑐𝑒	(𝑃𝑎).	 
One method to reduce the torque applied through the containment structure and into the 
supports as described by Hedlund et al (2015) is through adding rotational freedom to the 
inner liner. The aim of the liner is to absorb a substantial portion of the angular momentum of 
the burst rotor, reducing the torque acting on the supports. The last and most common method 
of reducing the containment mass is to design the system with a large safety factor on the 
maximum angular velocity. Bender (2015) states that in most cases, adequately designed 
Figure 4: Containment structure: size reduction from an absorbing liner (Pichot et al, 1997) 
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containment structures are ‘impractical’. This is reinforced by Hansen and O’Kain (2011) 
which state that a ‘satisfactory solution’ to burst containment has not yet been found. Instead, 
systems should be over designed so that a rotor burst cannot occur. This method relies on the 
rotor never failing and therefore the containment structure can be largely under designed, 
reducing the overall mass and cost of the design.   
Literature provides different expected values for the mass (and therefore also cost) of the 
containment structure. Bender (2015) states that an appropriate containment structure will be 
many times larger than the rotor whereas Rodriguez, Studer and Baer (1983) claim that the 
containment will add in the range of 25 to 100% of the rotor mass to overall system mass. 
Furthermore, a design by Hearn et al (2007) for low cost flywheel energy storage system for a 
vehicular application was found to include a containment structure mass of 205% of the rotor 
mass (assuming AMB mass of 16% of rotor mass and gimbal mass of 10% of rotor mass). 
Additionally, material choices for FES system containment structures range from steel to 
aluminium alloy. A safety factor of 1.25 is recommended by Bender (2015) in order to 
adequately contain the flywheel without significantly increasing the system mass.  
2.2.6 Additional System Losses 
The primary losses in FES systems include frictional air resistance losses and 
inefficiencies/power requirements in the motor/generator and magnetic bearings. Electrical 
losses are dependent on the hardware; however, frictional air resistance losses can be 
minimized through operating the flywheel in a vacuum environment (Hebner, Beno and 
Herbst, 2002). Post, Fowler and Post (1993) state that air resistance losses should be 
minimized to achieve usable run-down times as well as reduce heating of the flywheel 
material. A reduction in pressure from 10 mTorr to 1 mTorr was stated to reduce up to 90% of 
the winding losses experiences at 10mTorr (Hearn, 2013). Hearn (2013) further states that 
FES systems generally operate with an internal pressure of no greater than 10mTorr. This is 
further supported by Hayes (1999) who utilises a pressure of 1mTorr. However, Pullen and 
Dhand (2014) bring to light the disadvantages of operating a flywheel in a vacuum 
environment. Firstly, a vacuum system requires tight seals at all openings including the shaft 
coupling for non-integrated systems. Furthermore, the lubricant in contact bearings will 
vaporise at low pressures presenting the issue of keeping contact bearings outside the 
chamber. The frictional air resistance losses were modelled by Zhang and Mi (2011) as:   
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𝑃+1/	,JEE.E = 0.04×𝜌+.×𝛽+._ 𝜔𝑟J ]. ℎ6,789..,2𝑟J + 0.33 (5) 𝑤ℎ𝑒𝑟𝑒	𝜌+ = 𝑎𝑖𝑟	𝑑𝑒𝑛𝑠𝑖𝑡𝑦	(𝑘𝑔/𝑚`), 𝛽𝑎 = 𝑑𝑦𝑛𝑎𝑚𝑖𝑐	𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦	𝑜𝑓	𝑎𝑖𝑟	(𝑘𝑔/𝑚𝑠),𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	(𝑟𝑎𝑑/𝑠), 𝑟𝑜 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	(𝑚), ℎ6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	ℎ𝑒𝑖𝑔ℎ𝑡	(𝑚).	 
See Appendix 9.2 for complete equation. 
2.3 Optimisation Goals and Methods 
A single-objective, multivariable, non-linear optimisation model for an FES System is 
presented by Krack, Secanell and Mertiny (2011) as: 
𝑂𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒	𝐹𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠: 𝑓 𝑥 = 𝐸𝑛𝑒𝑟𝑔𝑦	𝑆𝑡𝑜𝑟𝑎𝑔𝑒	𝐶𝑎𝑝𝑎𝑐𝑖𝑡𝑦 𝑥 ,𝑀𝑎𝑠𝑠 𝑥 , 𝐶𝑜𝑠𝑡 𝑥𝑥 = [𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐	𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠, 𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦,𝑚𝑎𝑡𝑒𝑟𝑖𝑎𝑙	𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑖𝑒𝑠] 𝑥31) < 𝑥 < 𝑥3+ 
This optimisation model concludes on a set of design parameters which achieve an objective 
function whilst satisfying engineering structural constraints. The objective functions in the 
model are energy storage capacity, mass and cost. It is focused on optimising the ratio of total 
kinetic energy to both mass and cost individually. This is corroborated by Briat et al (2007) 
who infers that the fundamental goal of flywheel parameter selection is to increase the 
specific energy of the system. Roźewics (2014) also optimises a flywheel energy storage 
system with the overall goal of increasing specific energy placing specific emphasis on the 
flywheel. The ‘x’ variable refers to a set of design parameter values relating to the material 
properties, angular velocity and dimensions. Mass-oriented optimisation is suited for mobile 
applications whereas cost-based is applied where mass is not constrained such as stationary 
applications. The engineering structural constraints are required to keep the design parameter 
values within permissible limits. The main constraints involve the maximum stress criterion 
in the rotor during operation (Krack, Secanell and Mertiny, 2011).  
Krack, Secanell and Mertiny (2011) state that a major issue regarding the use of non-linear 
constraints in minimization schemes is the assertion that the global minimum has been 
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located, rather than a local minima. Using common multivariable optimisation algorithms 
such as sequential linear programming, modified method of feasible directions and non-linear 
interior point method rely on current location gradient information which most often leads to 
local minima when non-linear constraints are involved (Krack, Secanell and Mertiny, 2011). 
This limitation can be overcome through applying the optimisation scheme to many initial 
guesses (starting points) and then finding the most optimal outcome from the list of optimised 
results. Global optimisation methods avoid the need for local optimizers altogether, however 
have the disadvantage of being far more computationally expensive; in some cases, 
impractical (Krack, Secanell and Mertiny, 2011). A combination of both global and local 
optimising schemes can also be used which takes advantage of the strengths of each method. 
This multi-strategy scheme thrives on the principle that global optimisation methods are quick 
to achieve solutions within the near vicinity of the global minimum however may take far 
longer to converge to the true solution. Through using the result of a high-tolerance global 
method as the initial guess to a local method, the optimal solution can be found more 
efficiently. This method was demonstrated to achieve a global minimum 35% faster than the 
global optimiser alone (Krack, Secanell and Mertiny, 2011). 
Kaschmitter (2016) solves a similar optimisation problem with an objective of maximising the 
energy storage capacity of the system for a constrained volume. Specific emphasis is placed 
on using heuristic optimisation techniques over gradient based methods because they don’t 
rely on derivatives. Instead, they use objective function values from many origin points within 
a defined parameter search field and then determine the searching direction based on 
surrounding values. The lack of reliance on derivative information means that these methods 
are more suited to non-linear constraint optimisations where they are less likely to find 
undesired local minima. Furthermore, they allow for discrete constraints (such as material 
choices and different configurations) as well as continuous (Kaschmitter, 2016). The heuristic 
optimisation technique chosen by Kaschmitter (2016) is known as particle swarm 
optimisation. This method first compares the objective function value of many points 
scattered throughout the parameter search field. Each point then moves towards the most 
optimal point and the process is repeated until the global minimum is determined.  
Ha et al (1999) takes a different approach to a similar optimised kinetic energy goal. To solve 
the system, a gradient-based, modified method of feasible directions is applied. The overall 
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method used considers multiple cases where different materials are assigned to different 
components of the system.  For example, one case consisted of a flywheel constructed from 
one material whereas a second case considered a flywheel constructed with two layers, each 
made of a different material. Using this method, an optimisation scheme was conducted on 
each case and the most optimal result throughout both cases was deemed the most optimal. 
This technique eliminates the limitation of gradient based optimisation methods not being 
able to account for discrete variables as mentioned by Kaschmitter (2016).   
2.4 Literature Review Conclusions  
A FES system will consist of a flywheel, supporting shaft, support bearings, containment 
system, gimbal, control electronics and possible vacuum enclosure. The most optimal FES 
system will size each of these components to maximize the energy storage capacity whilst 
minimizing either mass or cost. The maximum energy storage was found to be proportional to 
the mass moment of inertia of the rotor and the square of the angular velocity. Therefore, a 
rotor with the maximum mass moment of inertia should be incorporated and operated at the 
maximum possible angular velocity. The operational speed will be limited by the stress state 
in both rotor, bearing losses and required containment size. Constraint equations should be 
incorporated which maintain the angular velocity below the point that results in a principal 
and equivalent von Mises stress below the yield strength of the material used. Integrated FES 
systems were found to have a smaller footprint and higher energy density at the expense of 
greater complexity and less flexibility. The choice of which configuration to use was put 
down whether a minimized mass or cost was desired.     
Flywheel material choices for the common mass optimised systems were found to include 
those with large strength to density ratios such as composites and advanced metals. Magnetic 
bearings were also concluded to be the optimal choice however result in additional mass, cost 
and complexity to the system. The containment system was found to require the ability to 
dissipate both the angular momentum and shear velocity of ejected fragments in the event of a 
catastrophic failure.  
Previous attempts at solving the problem were found to be limited to one specific optimisation 
goal with particular attention to solely the flywheel. Both Roźewics (2014) and Krack, 
Secanell and Mertiny (2011) were found to be focussed on optimising the mass moment of 
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inertia of the flywheel to in turn increase its energy storage capacity. This thesis aims to 
bridge the gap through incorporating all major system components into the optimisation 
model and solving for both mass and cost cases. Methods of solving the single-objective, 
multivariable, nonlinear optimisation problem were categorised into gradient-based and 
heuristic methods. Gradient-based methods, although more widely used, less computationally 
demanding and easier to implement were found to be limited to continuous constraints as well 
as concluding on local minimas rather than the global minimum. Heuristic methods were 
determined to be more accurate at determining the global minimum however required far 
greater computational time to solve. A technique incorporating both global and local 
minimum finding methods was found to improve the computational solving time by 35% in a 
previous study by exploiting the advantages of each style of method.       
3.0 Methodology 
3.1 Scope 
The overall system model will describe partially integrated FES systems. Fully integrated or 
non-integrated systems will not be included. The key design components include:  
• Rotor: flywheel and shaft
• Bearings: mechanical contact or active magnetic
• Motor/generator unit
• Containment structure
Additional components such as gimbals, power electronics, cooling systems and vacuum 
maintaining equipment will not be incorporated. Therefore, the system will be assumed to 
operate in a stable position with no gyroscopic effects resulting from the adjustment of the 
spin axis. The flywheel and shaft will be modelled as cylinders of constant radius and 
material. Oddly shaped flywheels and shafts of varied diameters were considered out of scope 
for the project. Furthermore, all stress analyses will be conducted based on isotropic and 
linear material conditions meaning the material will behave in the same manner irrespective 
of the stress application direction. The implications on material strength from composite grain 
direction and material layering techniques during manufacturing were considered out of 
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scope. Additionally, the system cost models were limited to material costs for the purpose of 
simplification and accuracy. Material defects, weak zones at joins and crack/fatigue analysis 
was also considered out of scope and not taken into consideration by the model.  
All systems losses including mechanical and electrical for the considered components will be 
incorporated to determine the required additional system performance to overcome them. The 
design of control systems for the determination of active magnetic power usage was 
considered out of scope and a simplified approximation will be utilised. Lastly, in regard to 
critical rotation speeds, the rotor’s operating speed range will be limited by only the whirling 
speed or first critical speed (vertical oscillation of the spin axis). Other modes of vibration 
requiring the magnetic spring stiffness will not be considered.    
3.2 Assumptions 
The model will apply to FES systems which are stable or where the spin axis orientation does 
not vary greatly. With this assumption, a gimbal was not included in the key design 
components.  Furthermore, the conducted stress analysis will assume that the flywheel is 
operated horizontally and a standard downward gravitational acceleration of 9.81m/s2 is 
present. Accelerations in other directions will be deemed negligible to accurately determine 
the shaft deflection under the weight of the rotor. Axial stress on the rotating flywheel was 
deemed negligible in comparison to the tangential and radial simplifying the applied stress 
state. As stated by Kaldellis (2010), the cost of the materials required to produce the rotor far 
outweighs the costs involved with manufacturing time (Kaldellis, 2010). Therefore, the cost 
of the rotor will be modelled as the raw material cost.  
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3.3 Method  
The following steps were undertaken to complete the task: 
1. The python programming language was selected to produce the system model and
optimiser.
2. Literature on existing designs was then reviewed to conclude on the key FES system
design components. A decision was made to incorporate the rotor, bearings,
motor/generator and containment system into the overall system model.
i. Rotor: A general design geometry was concluded on and the mass and cost of
the rotor was modelled from the key design parameters.  Constraint equations
were also developed from the applied stresses that occur during operation.
ii. Bearings: The mass and cost of both mechanical ball and active magnetic
bearings were modelled from reviewed literature. The losses associated with
each bearing type were also modelled to determine the design trade-off
between bearing mass and cost and added overall system mass and cost
required to overcome the associated losses.
iii. Motor/generator unit: The type of unit as well as relationships between its
mass and cost and the FES system requirements was determined.
iv. Containment structure: a general design was concluded on and a relationship
was formed between to determine its mass and cost from the FES system
design parameters.
Each of the models formed for the FES system components was modelled against 
existing designs for validation.  
3. An optimisation scheme was then developed using both a global heuristic and local
derivative-dependant method to acquire the true global minimum. Convergence of the
utilised method was also determined before modelling.
4. The FES system model was then interfaced with the optimisation scheme to determine
the design parameters required to achieve a system with a desired energy storage
capacity with parameters within specified bounds.
5. Results from the optimiser were then compared with existing designs for the purpose
of validation and justification.
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4.0 Development of the FES System Model 
4.1 FES System Configuration 
The model will analyse and describe a partially integrated system consisting of a rotor 
(flywheel and shaft), bearings (magnetic or mechanical), motor/generator unit and 
containment structure. The partially integrated architecture was chosen based on its 
applicability to both mass and cost constrained systems as well as for its simplicity. 
Furthermore, a broad range of partially integrated designs exist allowing for more thorough 
validation of the produced model. Additional components such as power electronics and 
gimbals were considered too obscure to model in terms of mass and cost and were therefore 
deemed out of scope.   
4.2 Rotor 
The rotor is the fundamental energy storage component of the FES system and consists of the 
flywheel and supporting shaft. For the partially integrated system, the flywheel takes the form 
of a solid cylinder mounted directly to a supporting shaft. The mass and cost of the rotor are 
modelled as:  
𝑚𝑎𝑠𝑠/JLJ/ = 𝜋 𝑟_ − 𝑟1_ ℎ6,789..,𝜌6,789.., + 𝜋𝑟1_(ℎ6,789.., + 𝐿)𝜌E9+6L (6) 𝑐𝑜𝑠𝑡/JLJ/ = 𝜋 𝑟_ − 𝑟1_ ℎ6,789..,𝜌6,789..,×	𝑐𝑜𝑠𝑡Ed.- + 𝜋𝑟1_(ℎ6,789..,+ 𝐿)𝜌6,789..,×	𝑐𝑜𝑠𝑡Ed.- (7) 
𝑤ℎ𝑒𝑟𝑒	𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	(𝑚), 𝑟𝑖 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	(𝑚), ℎ6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	ℎ𝑒𝑖𝑔ℎ𝑡	 𝑚 , 𝐿 = 𝐿+ + 𝐿-	(𝑚)(𝑆𝑒𝑒	𝐴𝑝𝑝𝑒𝑛𝑑𝑖𝑥	9.7), 𝜌 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦	(𝑘𝑔/𝑚`), 𝑐𝑜𝑠𝑡Ed.- = 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐	𝑐𝑜𝑠𝑡	($/𝑘𝑔). 
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4.3 Rotor Stress State 
A basic schematic of the forces applied to the FES system rotor can be seen in Fig. 5. When at 
rest, the mass of the rotor results in upward reaction forces at either end of the supporting 
shaft from the bearings. During operation, torque from the motor will be applied to the rotor. 
Furthermore, as the rotor gains angular velocity, the magnitude of the instability related 
unbalance force will increase. A complete stress analysis of the rotor was conducted to 
determine the effect of the applied forces.  
4.3.1 Flywheel Stress State 
The flywheel will experience a two-dimensional stress state consisting of tangential and radial 
components modelled by Borisavljević (2013) as:   
𝜎L+) 𝑟 = 3 + 𝜈 𝜌𝜔_8 𝑟J_ + 𝑟1_ + 𝑟J_𝑟1_𝑟_ − 1 + 3𝜈3 + 𝜈 𝑟_ , (8) 𝜎/+0(𝑟) = 3 + 𝜈 𝜌𝜔_8 𝑟J_ + 𝑟1_ − 𝑟J_𝑟1_𝑟_ − 𝑟_ (9) 
𝑤ℎ𝑒𝑟𝑒	𝜈 = 𝑝𝑜𝑖𝑠𝑠𝑜𝑛@𝑠	𝑟𝑎𝑡𝑖𝑜, 𝜌 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦	(𝑘𝑔/𝑚`), 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	 𝑟𝑎𝑑/𝑠 ,	 𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	 𝑚 , 𝑟1 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	 𝑚 ,𝑟 = 𝑟𝑎𝑑𝑖𝑢𝑠	𝑤ℎ𝑒𝑟𝑒	𝑠𝑡𝑟𝑒𝑠𝑠	𝑖𝑠	𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒𝑑.	 
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Figure 5: Rotor stress state 
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The stress versus radius plots in Fig. 6 show that the maximum tangential stress clearly occurs 
at the inner radius whereas the maximum radial stress occurs in between the inner and outer 
radii. Calculations in Appendix 9.6 show that the maximum radial stress occurs at a radius of  𝑟1𝑟J. Therefore, the maximum radial and tangential stresses exerted on the flywheel are: 
𝜎L+)	3+ 𝑟1 = 3 + 𝜈 𝜌𝜔_8 2𝑟J_ + 1 − 1 + 3𝜈3 + 𝜈 𝑟1_ , (10) 𝜎/+0	3+ 𝑟1 𝑟J = 3 + 𝜈 𝜌𝜔_8 𝑟J_ + 𝑟1_ − 2𝑟1𝑟J (11) 𝑤ℎ𝑒𝑟𝑒	𝜈 = 𝑝𝑜𝑖𝑠𝑠𝑜𝑛@𝑠	𝑟𝑎𝑡𝑖𝑜, 𝜌 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦	(𝑘𝑔/𝑚`), 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	 𝑟𝑎𝑑/𝑠 ,	 𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	 𝑚 , 𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	 𝑚 .	 
To accurately represent the effect on the flywheel of both stresses acting simultaneously, 
principal and equivalent von Mises stresses were used as the failure criterion. The maximum 
principal stress incorporates the tangential and radial stress components and forms a single 
normal stress with the same impact on the material. The von Mises stress criterion similarly 
results in a uniaxial stress that results in the same distortion of the material as the applied 
stresses (Juvinall and Marshek, 2012). The principal and von Mises stresses exerted on the 
flywheel were calculated by using Juvinall and Marshek (2012) as: 
𝜎H/1)-1d+, = 𝜎L+)	3+ + 𝜎/+0	3+2 + 𝜎L+)	3+ − 𝜎/+0	3+2 _, (12) 
𝜎.	(bJ)<1E.E) = 𝜎L+)	3+_ + 𝜎/+0	3+_ − 𝜎L+)	3+𝜎/+0	3+ (13) 𝑤ℎ𝑒𝑟𝑒	𝜎𝑡𝑎𝑛	𝑚𝑎𝑥 = 𝐸𝑞𝑛. 10, 𝜎𝑟𝑎𝑑	𝑚𝑎𝑥 = 𝐸𝑞𝑛. 11 
Figure 6: Tangential and radial stresses versus radius (Borisavljević, 2013) 
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4.3.2 Shaft Stress State 
As seen in Fig. 7, the supporting shaft will experience a bending stress from the moment 
applied by the static weight of the flywheel and dynamic unbalance force at the maximum 
angular velocity (See Appendix 9.7 and 9.8 for a complete derivation of the forces applied to 
the shaft). The maximum angular velocity was selected to model the unbalance force from 
Bakay et al (2010) to ensure the shaft could support the rotor at full energy storage capacity.  
The maximum bending moment and bending stress were calculated in Appendix 9.8 as: 
𝑀* = 𝑅+ 𝑅+2𝑤 + 𝐿+ , (14) 𝜎K = 𝑀*3+𝑦𝐼;  (15) 
𝑤ℎ𝑒𝑟𝑒	𝑀𝑏𝑚𝑎𝑥 = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚	𝑏𝑒𝑛𝑑𝑖𝑛𝑔	𝑚𝑜𝑚𝑒𝑛𝑡	 𝑁𝑚 ,𝑅+ = 𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛	𝑓𝑜𝑟𝑐𝑒	 𝑁 ,𝑤 = 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑	𝑙𝑜𝑎𝑑	𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑖𝑛𝑔	𝑜𝑓	𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑤𝑒𝑖𝑔ℎ𝑡	𝑎𝑛𝑑	𝑑𝑦𝑛𝑎𝑚𝑖𝑐	𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒	𝑓𝑜𝑟𝑐𝑒	(𝑁/𝑚),	𝐿+ = 𝑠ℎ𝑎𝑓𝑡	𝑠𝑒𝑐𝑡𝑖𝑜𝑛	𝑙𝑒𝑛𝑔𝑡ℎ	 𝐹𝑖𝑔. 7 (𝑚), 𝑦 = 𝑟12 (𝑚), 𝐼; = 𝑎𝑟𝑒𝑎	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝑖𝑛𝑒𝑟𝑡𝑖𝑎	 𝑚 . 
Additionally, shearing stress from the torque applied by the motor/generator unit to transfer 
energy both into and out of the system is exerted on the shaft. The torque applied was 
approximated by assuming the motor/generator applies a constant torque value to increase or 
decrease the shaft speed proportional to the total energy storage divided by the specified 
Bearing support reaction (RA) 
Flywheel weight + 
unbalance force/m (w) 
Bearing support reaction (RB) 
Lc h La 
Figure 7: Forces applied to the shaft 
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power output (See Appendix 9.9 for complete derivation). Marshek and Juvinall (2012) model 
the shear stress on a shaft under torque load as: 
𝜏3+ = 𝑇𝑟1𝐽 = 𝐼3(/JLJ/)𝜔𝐸ELJ/+"./𝑃𝑜𝑤𝑒𝑟J(Ld(L × 𝑟1𝐽 (16) 
𝑤ℎ𝑒𝑟𝑒	𝑇 = 𝑡𝑜𝑟𝑞𝑢𝑒	 𝑁𝑚 , 𝑟1 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	(𝑚), 𝐽 = 𝑝𝑜𝑙𝑎𝑟	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝑖𝑛𝑒𝑟𝑡𝑖𝑎	 𝑚 , 𝐼3 = 𝑚𝑎𝑠𝑠	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝑖𝑛𝑒𝑟𝑡𝑖𝑎	 𝑘𝑔𝑚 , 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	(𝑟𝑎𝑑/𝑠),		 𝐸ELJ/+". = 𝐸𝑛𝑒𝑟𝑔𝑦	𝑠𝑡𝑜𝑟𝑎𝑔𝑒	𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑦	 𝐽 . 
Lastly, radial and tangential stresses (similar to those of the flywheel) will be exerted on the 
shaft’s cross section with maximum values for each occurring at the shaft’s centre (Eqn. 8 and 
9). To accurately predict the structural limitations of the shaft from all four stresses 
(tangential, radial, shear and bending); principal, max shear and equivalent von Mises stresses 
were determined. Each of these stresses were also calculated by Marshek and Juvinall (2010) 
as:  
𝜎H/1)-1d+, = max 𝜎], 𝜎_, 𝜎` , (17) 
τ3+ = σ] − 𝜎`2 , (18) 	𝜎.	(J)<1E.E) = 22 𝜎_ − 𝜎] _ + 𝜎` − 𝜎] _ + 𝜎` − 𝜎_ _ .  (19) 
𝑤ℎ𝑒𝑟𝑒	𝜎], 𝜎_, 𝜎` = 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙	𝑠𝑡𝑟𝑒𝑠𝑠𝑒𝑠	(𝑠𝑒𝑒	𝐴𝑝𝑝𝑒𝑛𝑑𝑖𝑥	9.10). 
See Appendix 9.10 for calculation of 𝜎], 𝜎_, 𝜎`. 
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4.4 Critical Angular Velocity 
Due to the rotating operational state of the FES system, the critical angular velocity was also 
taken into consideration. Using Rayleigh’s method, Kruger (1998) models the critical angular 
velocity of the support shaft as: 𝜔-/1L = 𝑎"𝛿 (20) 
𝑤ℎ𝑒𝑟𝑒	𝑎" = 𝑔𝑟𝑎𝑣𝑖𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙	𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛	(9.81	𝑚/𝑠_), 𝛿 = 𝑠ℎ𝑎𝑓𝑡	𝑑𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛	(𝑚) 
This relationship could then be used to determine a maximum allowable shaft deflection to 
prevent the shaft from reaching this velocity. The total shaft deflection can be determined 
from the static weight of the rotor in combination with the rotational unbalance force. The 
rotational unbalance force accounts for offset in centre of gravity from the centre of area of 
the rotor due to material and geometric defects. The dynamic unbalance force as modelled by 
Bakay et al. (2010) was incorporated to model this additional unbalance force. Based on the 
diagram in Fig. 7, the maximum deflection along the shaft was derived in Appendix 9.7 as:  
𝛿3+ = 1𝐸𝐼; 𝐿+𝑤24 − 𝐿+`𝑅+3 − 𝐿+_𝑅+_𝑤 − 5𝐿+𝑅+`6𝑤_ − 5𝑅+24𝑤` (21) 
𝑤ℎ𝑒𝑟𝑒	𝐸 = 𝑚𝑜𝑑𝑢𝑙𝑢𝑠	𝑜𝑓	𝑒𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦	 𝑃𝑎 , 𝐼; = 𝑎𝑟𝑒𝑎	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝑖𝑛𝑒𝑟𝑡𝑖𝑎(𝑚),	 𝑅+ = 𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛	𝑓𝑜𝑟𝑐𝑒	 𝑁 ,	 𝑤 = 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑒𝑑	𝑙𝑜𝑎𝑑	𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑖𝑛𝑔	𝑜𝑓	𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑤𝑒𝑖𝑔ℎ𝑡	𝑎𝑛𝑑	𝑑𝑦𝑛𝑎𝑚𝑖𝑐	𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒	𝑓𝑜𝑟𝑐𝑒	(𝑁/𝑚),	 𝐿+, 𝐿- = 𝑠ℎ𝑎𝑓𝑡	𝑠𝑒𝑐𝑡𝑖𝑜𝑛	𝑙𝑒𝑛𝑔𝑡ℎ	 𝐹𝑖𝑔. 7 	(𝑚), 𝐼; = 𝑎𝑟𝑒𝑎	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝑖𝑛𝑒𝑟𝑡𝑖𝑎	 𝑚 . 
Therefore, the angular velocity of the rotor could be limited by the critical frequency and 
static deflection of the rotor. The resulting rotor model is constrained by the principal and von 
Mises stresses in the flywheel as well as the principal stress, von Mises stress, maximum 
shear stress and deflection in the supporting shaft. Parameters that result in a model with 
characteristics within these constraints will produce a successful model. 
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4.5 Safety Factors  
Based on the range found in literature (SF=2 (Hearn, 2007), SF=1.4(Post, Fowler and Post, 
1993)), a design decision was made to set the safety factor for applied stresses at 1.75. 
Additionally, based on information from Ahlstrom et al (1998) and Hebner, Beno and Herbst 
(2002), the maximum angular velocity will be constrained to 80% of the critical angular 
velocity of rotor.  
4.6 Bearings 
FES systems can be designed with either conventional mechanical bearings or active 
magnetic bearings to suit desired applications. Generally, active magnetic bearings have a 
greater mass, more expensive to implement and require additional components to operate 
(Hearn et al, 2007). However, magnetic bearings result in significantly reduced losses when 
compared to mechanical ball bearings as a result of no physical contact. The following 
relationships were determined for the mass and cost of active magnetic and mechanical 
bearings based on the range of information from the literature in Section 2.2.4.  
𝑚𝑎𝑠𝑠;<K = 0.16	×	𝑚𝑎𝑠𝑠/JLJ/ (22) 𝑐𝑜𝑠𝑡;<K = 0.65	×	𝑐𝑜𝑠𝑡/JLJ/					 (23) 
𝑚𝑎𝑠𝑠-J)L+-L = 0.08	×	𝑚𝑎𝑠𝑠/JLJ/ (24) 𝑐𝑜𝑠𝑡-J)L+-L = 0.35	×	𝑐𝑜𝑠𝑡/JLJ/ (25)
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4.6.1 Mechanical Bearing Losses 
Losses experienced by mechanical bearings mainly exist as a result of the friction generated 
between the contact of moving components. The torque opposing the rotation of the rotor and 
resulting power loss was modelled by SKF (2016) as:  
𝑀C = 𝑀// + 𝑀¢£ + 𝑀D/+" (26) 𝑃3.-9+)1-+,	*.+/1)"	,JEE = 1.05×10}×𝑀C×𝜔 (27) 
where 𝑀C = 𝑡𝑜𝑡𝑎𝑙	𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝑎𝑙	𝑚𝑜𝑚𝑒𝑛𝑡,𝑀// = 𝑟𝑜𝑙𝑙𝑖𝑛𝑔	𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝑎𝑙	𝑚𝑜𝑚𝑒𝑛𝑡,	 𝑀¢£ = 𝑠𝑙𝑖𝑑𝑖𝑛𝑔	𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝑎𝑙	𝑚𝑜𝑚𝑒𝑛𝑡,𝑀0/+" = 𝑑𝑟𝑎𝑔	𝑚𝑜𝑚𝑒𝑛𝑡, 	𝜔 = 𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	(𝑟𝑎𝑑/𝑠). 
See Appendix 9.3 for complete equations. 
4.6.2 Active Magnetic Bearing Losses 
Active magnetic bearings operate through varying the current supplied to a set of 
electromagnets positioned around the shaft. The delivered current is based on the shaft’s 
position relative to centre. Through determining the relationship between supplied current and 
magnetic lifting force, the power required to counteract the rotational unbalance force could 
be modelled. In existing applications, control systems have been implemented to achieve a 
stabilized result efficiently. However, for simplicity purposes, the required power 
consumption of the bearings was modelled to achieve a force required to counteract the rotary 
unbalance force.  Other losses included hysteresis and eddy current losses in the iron cores of 
the electromagnets.  
The total power loss with active magnetic bearings is: 
𝑃,JEE = 𝑃;<K	(E+". + 𝑃97EL./.E1E + 𝑃.007 (28)
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4.6.2.1 Assumptions 
• Assumed that permanent magnets have been incorporated which support the weight
of the flywheel as seen in Hearn et al (2007). Therefore, the active electromagnets are
only required to counteract the unbalance force.
• Assumed vertical plane oscillations as a result of the rotary unbalance force.
4.6.2.2 Magnetic Bearing Model 
Due to the assumption of instability oscillations limited to the vertical plane, a simplified 
magnetic arrangement was selected. This arrangement included an electromagnet above and 
below the shaft as seen in Fig. 8. Chiba et al. (2005) models the magnetic levitation force as: 
𝐹/+01+, = 𝑘1@4 𝐼* (29) 
where 𝑘1@ = 𝑓𝑜𝑟𝑐𝑒	𝑐𝑢𝑟𝑟𝑒𝑛𝑡	𝑓𝑎𝑐𝑡𝑜𝑟, 𝐼* = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐	𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑐𝑢𝑟𝑟𝑒𝑛𝑡	(𝑎𝑚𝑝𝑠) 
4.6.2.3 Electrical Losses 
The electrical losses in the system include the hysteresis and eddy current losses in the iron 
core of the electromagnets and are modelled by Owusu-Ansah et al (2016) as: 
𝑃97EL./.E1E = 𝐾9𝑓3+"𝐵].¤𝑉1/J) (30) 𝑃.007	-(//.)L = 16𝜌/. 𝜋_𝑒_𝑓3+"_ 𝐵_𝑉1/J) (31) 𝑤ℎ𝑒𝑟𝑒	𝐾9 = ℎ𝑦𝑠𝑡𝑒𝑟𝑒𝑠𝑖𝑠	𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡	 𝐽/𝑚` , 𝑓3+" = 𝑟𝑒𝑚𝑎𝑔𝑛𝑖𝑡𝑖𝑠𝑎𝑡𝑖𝑜𝑛	𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦, 𝐵 = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐	𝑓𝑙𝑢𝑥, 𝑉1/J) = 𝑖𝑟𝑜𝑛	𝑐𝑜𝑟𝑒	𝑣𝑜𝑙𝑢𝑚𝑒, 𝑒 = 𝑠ℎ𝑒𝑒𝑡	𝑙𝑎𝑚𝑖𝑛𝑎𝑡𝑖𝑜𝑛	𝑡ℎ𝑖𝑐𝑘𝑒𝑛𝑠𝑠. 
Figure 8: Modelled magnet arrangement (Chiba et al, 2005) 
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4.7 Containment Structure 
The containment structure is responsible for housing the rotor and containing it in the event of 
a critical failure. The containment structure was modelled as a rigid pressure vessel spanning 
the length of the shaft and flywheel as seen in Fig. 9. The pressure on the inner wall of the 
pressure vessel from the ruptured rotor was modelled by the relationship from Pichot et al. 
(1997) in Eqn. 3. Using this relationship and the formula for the tangential stress exerted on a 
thick-walled pressure vessel (Appendix 9.11), the containment thickness required to prevent 
the exerted stress from exceeding the yield stress of the containment structure material could 
be determined (See Appendix 9.11 for complete calculations).  
𝜎¥¥ = 𝑃 𝑟J + 𝜕𝑟 + 𝑡-J)L+1)3.)L _ + 𝑟J + 𝜕𝑟 _𝑟J + 𝜕𝑟 + 𝑡-J)L+1)3.)L _ − 𝑟J + 𝜕𝑟 _ (32) 𝑤ℎ𝑒𝑟𝑒	𝑃 = 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒	𝑒𝑥𝑒𝑟𝑡𝑒𝑑	𝑜𝑛	𝑖𝑛𝑛𝑒𝑟	𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑚𝑛𝑡	𝑤𝑎𝑙𝑙	(𝑃𝑎), 𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠, 𝜕𝑟 = 𝑎𝑖𝑟	𝑔𝑎𝑝	 𝑚 , 𝑡-J)L+1)3.)L = 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑚𝑒𝑛𝑡	𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠.	 
An absorbing liner was also included in the model as recommended by Pichot et al (1997), 
Hedlund et al (2015) and Colozza (2000). The addition of an absorbing liner reduces the 
number of particles that reach the external shell by approximately 50% (Colozza, 2000). The 
factor was included in approximating the thickness of the final containment structure. In 
addition to the rigid pressure vessel thickness requirements, the containment structure 
supports also need to be able to withstand the angular momentum transferred from the 
ruptured rotor. The brackets required to secure the system were considered out of scope and 
therefore not included in the analysis. The containment structure was modelled from 
aluminium alloy as done so by Strubhar et al (2002) to minimize both mass and cost. The 
containment structure thickness has a direct influence on the mass and cost of the containment 
structure modelled as:   
flywheel shaft 
containment material 
Figure 9: Containment design – Rigid Pressure Vessel 
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𝑚𝑎𝑠𝑠-J)L+1)3.)L = 𝑉-J)L+1)3.)L×𝜌-J)L+1)3.)L (33) 𝑐𝑜𝑠𝑡-J)L+1)3.)L = 𝑚𝑎𝑠𝑠-J)L+1).3L)×𝑐𝑜𝑠𝑡Ed.- (34) 
𝑉-J)L+1)3.)L = 𝜋 𝑟J + 𝜕𝑟 + 𝑡-J)L+1)3.)L _ − 𝑟J + 𝜕𝑟 _ ×ℎ6,789..,+ 𝜋 𝑟1 + 𝜕𝑟 + 𝑡-J)L+1)3.)L _ − 𝑟1 + 𝜕𝑟 _ × 𝐿+ + 𝐿- (35) 
𝑤ℎ𝑒𝑟𝑒	𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	 𝑚 , 𝜕𝑟 = 𝑎𝑖𝑟	𝑔𝑎𝑝	 𝑚 , 	𝑡-J)L+1)3.)L = 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑚𝑒𝑛𝑡	𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠	 𝑚 , ℎ6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	ℎ𝑒𝑖𝑔ℎ𝑡, 𝐿+, 𝐿- = 𝑠ℎ𝑎𝑓𝑡	𝑠𝑒𝑐𝑡𝑖𝑜𝑛	𝑙𝑒𝑛𝑔𝑡ℎ	 𝐹𝑖𝑔. 7	 𝑚 , 𝜌𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑚𝑒𝑛𝑡 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦	 𝑘𝑔𝑚3 ,	 𝑐𝑜𝑠𝑡Ed.- = 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐	𝑐𝑜𝑠𝑡	($/𝑘𝑔)	 
The containment structure also functions as an air tight vessel to maintain the low internal 
pressure needed to reduce air resistance losses. The air resistance losses are modelled in 
respect to the housing pressure by Zhang and Mi (2011) in Eqn. 5. Based on existing designs 
from Hearn (2013) and Hayes (1999), an internal operating pressure of 1mTorr was selected 
for the model.   
4.8 Motor/Generator 
The added mass and cost of the motor/generator to the system was determined to be 
proportional to the desired power output. Specific power in terms of mass and specific cost in 
terms of power for permanent magnet synchronous machines varied across many sources. 
Rogers (2012) claimed values of 1.2 to 1.6 kw/kg and 4.7$/kw to 11.1$/kw, Amiryar and 
Pullen (2007) claimed 1.2 kw/kg and $57/kw, whereas Hansen and O’Kain (2011) specified 
values in the range of 1.11 to 4.05 kw/kg. Given the broad range of values from literature, a 
design decision was made to model the mass and cost at 2.6kw/kg and $7.9/kw. A 95% 
efficiency was also concluded on for the motor/generator unit as specified in Post, Fowler and 
Post (1993).  
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4.9 Validation of Component Models  
To verify that the models for each component produce justifiable results, three existing 
designs from Jordan, Herbst and Hayes (2002), Hebner et al (2002) and Hearn et al (2007) 
listed in Table 2 were modelled and compared to claimed results. These designs include 
transit bus FES system. All three designs consisted of a composite flywheel mounted to a 
metal shaft (assumed AISI4340 steel).  The design specifications and model results for the 
three designs are listed in Table 2. All three designs were modelled with a carbon fibre 
composite flywheel mounted to a AISI4340 steel shaft.  
Table 2: Modelling Existing Designs and Comparing Results (* inferred properties) 
Existing Design Space Station Transit Bus ALPS Train 
Source (Hebner, Beno 
and Walls, 2002) 
(Jordan, Herbst 
and Hayes, 
2002) 
Hearn et al 
(2007) 
Set Properties Inner radius (m)* 0.013 0.018 0.08 
Outer radius (m) 0.162 0.223 .605 
Height (m)* 0.56 0.235 1.27 
RPM 53000 40000 15000 
Power (kW) 3.6 150 2 
Resulting Properties Energy Storage (MJ) 13 7.2 470 
Rotor Mass (kg) 75 60 2500 
Specific Energy 
Storage (kJ/kg) 
173.33 120 188 
Model Results 
Energy Storage Capacity (MJ) 14.56 12.5 515.4 
Rotor Mass (kg) 75 60 2540 
Specific Energy 
Storage (kJ/kg) 
193.9 209 203 
Flywheel 𝝈𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍	SF 1.84 1.71 1.64 
Flywheel 𝝈𝑽𝑴SF 2.12 1.96 1.87 
Shaft 𝝈𝒑𝒓𝒊𝒏𝒄𝒊𝒑𝒂𝒍SF 25.45 43.99 49.54 
Shaft 𝝈𝑽𝑴SF 15.77 36.82 1141 
Shaft 𝝉𝒎𝒂𝒙	SF 31.19 64 2105 
Containment Thickness (m) 0.058 0.088 0.25 
Mass (kg) 116.12 129.5 5504.9 
% rotor mass 155% 216% 217% 
Bearings % 
Energy 
storage 
loss/hr 
Mag 1.8% 1.94% 1.16% 
Ball 4.25% 7.08% 7.89% 
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The inner radius and height of the rotors in the designs in Table 2 were inferred for the 
purpose of modelling the systems. For each design, the mass, power output, outer radius and 
angular velocity were provided. An assumption of flywheel inner radius of 8 to 13% of the 
outer radius was made. The flywheel height was then adjusted to achieve a similar rotor mass. 
4.9.1 Rotor Properties  
It was found that for the three designs, the model returned a specific energy storage greater 
than specified by the design.  The space station, transit bus and ALPS train FES systems 
achieved specific storage capacities of 112%, 174% and 110% respectively of those specified. 
The larger achieved storage capacities are likely due to the assumptions made in modelling 
the systems. Firstly, the assumed inner radius and height may not have accurately represented 
the actual designs. This in turn would have resulted in different arrangements of their mass 
moments of inertia and varied final energy storage capacities. Furthermore, it is unsure 
whether the literature values for these systems included the kinetic energy stored in the 
supporting shafts which would provide reasoning as to the increased energy storage capacities 
achieved by the model.  
Additionally, flywheel principal and Von Mises stresses were achieved with safety factors 
ranging from 1.64 to 2.11 over the three designs. This reinforces the design decision to set the 
optimisation model safety factor at 1.75 in Section 4.5. Lastly, the shaft principal stress and 
von Mises stress safety factors ranged from 25.45 to 49.54 and 15.77 to 1141 over the three 
designs suggesting a major over-design in this region. Many areas could be to blame for the 
large design safety factors in the shaft stresses. As suggested previously, the assumed 8-13% 
of the outer radius for the shaft radius was likely much larger than the actual shaft radii used 
in the designs.  
Figure 10: Stepped shafts in designs from Wagner, Jansen and Duffy (2002) and Hayes et al (1999) 
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Furthermore, the shafts may have been manufactured from higher performing materials than 
the assumed AISI4340 steel they were modelled with. Lastly, many designs utilise stepped 
shafts of varied diameter as pictured in Fig. 10. The model only accounts for shafts and 
flywheels of constant cylindrical shape and therefore stepped shafts of varied diameter would 
have returned large safety factors in the larger sections and small in the smaller sections.  
4.9.2 Containment Structure Properties 
All three designs achieved containment masses in the vicinity of 150% to 220% of the rotor 
mass. Reviewing relevant literature found that the containment mass could vary anywhere 
from less than the rotor mass (Rodriguez, Studer and Baer, 1983) to many times more than the 
rotor mass (Bender, 2015) for different applications. As found in the modelled containment 
masses for the three designs, those with a greater height to outer radius ratio also consisted of 
a greater containment mass. This occurs as a result of the containment being modelled as a 
thick-walled pressure vessel with constant thickness throughout. However, at 150% to 220% 
of the rotor mass for designs with relatively large height to outer radius ratios, the 
containment structure model can be deemed as a fairly accurate approximation.  
4.9.3 Bearings  
Literature stated that magnetic and mechanical bearing power losses were found to lie in the 
range of 1-3% and 5% respectively, of the total energy storage per hour. Table 3 compares the 
modelled power losses for each bearing type for the three systems against the expected 
values. The modelled systems provided results in the vicinity of the expected values with a 
slight variation for the transit bus and ALPS train systems with mechanical bearings 
achieving 7-8% energy storage loss per hour. The mechanical bearing losses were estimated 
by modelling them as ‘ball’ bearings with a range of bearing assumptions from SKF (2016), 
such as lubricant type and sizing (See Appendix 9.3). It is possible that this system may have 
utilised a different mechanical bearing type for example: rollers or needles as well as a 
combination of other bearing properties such as lubricant type and roller/ball size, etc. If more 
information was known about the specific bearings utilised in the model, a more accurate loss 
calculation could be completed. However, the error in the modelled losses from the expected 
values was not excessive and justifying the utilised approach to bearing loss calculation.   
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Table 3: Bearing Type Power Loss Comparison 
Bearing Type Space Station Transit Bus ALPS Train 
Expected Modelled Expected Modelled Expected Modelled 
Magnetic Bearings 1-3% 1.8% 1-3% 1.94% 1-3% 1.16% 
Contact Bearings 5% 4.25% 5% 7.08% 5% 7.89% 
5.0 Optimisation of the FES System Model 
5.1 Aim 
The optimisation model will aim to return the design parameter values which achieve a 
desired energy storage capacity at a minimized objective function whilst maintaining within 
specified geometric and design-specific, mechanical constraints.  
Continuous design parameters: 
• flywheel inner radius
• flywheel outer radius
• flywheel height
• rotor angular velocity
Discrete design parameters: 
• flywheel material
• shaft material
• bearing type
The continuous design parameters are represented in the model by the array: 
𝑥 = 𝑟1, 𝑟J, ℎ6,789..,, 𝜔  (36) 𝑤ℎ𝑒𝑟𝑒	𝑟1 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠, 𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠,	 ℎ6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	ℎ𝑒𝑖𝑔ℎ𝑡, 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦.	 
5.2 Objective Functions 
A decision was made to model the optimisation of two objective functions. Those included 
mass and cost as seen in Krack, Secanell and Mertiny (2011) and Briat et al as: (2007) (See 
Appendix 9.12 for complete equations).  
𝑚𝑎𝑠𝑠E7EL.3 = 𝑚𝑎𝑠𝑠/JLJ/ + 𝑚𝑎𝑠𝑠-J)L+1)3.)L + 𝑚𝑎𝑠𝑠*.+/1)" + 𝑚𝑎𝑠𝑠<V  (37) 𝑐𝑜𝑠𝑡E7EL.3 = 𝑐𝑜𝑠𝑡/JLJ/ + 𝑐𝑜𝑠𝑡-J)L+1)3.)L + 𝑐𝑜𝑠𝑡*.+/1)"E + 𝑐𝑜𝑠𝑡<V  (38)
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5.3 Constraints 
The two forms of constraints applied to the range of possible parameter values included the 
geometric parameter bounds set by the designer and the mechanical design constraints 
specific to the system.  
5.3.1 Geometric Parameter Bounds 
The specified geometric parameter bounds allow the designer to limit the parameters to the 
space available for the required system. They are inputted into the model as:   
𝐿𝑜𝑤𝑒𝑟	𝑏𝑜𝑢𝑛𝑑 < 𝑟1 < 𝑢𝑝𝑝𝑒𝑟	𝑏𝑜𝑢𝑛𝑑, (37) 𝐿𝑜𝑤𝑒𝑟	𝑏𝑜𝑢𝑛𝑑 < 𝑟J < 𝑢𝑝𝑝𝑒𝑟	𝑏𝑜𝑢𝑛𝑑, (38) 𝐿𝑜𝑤𝑒𝑟	𝑏𝑜𝑢𝑛𝑑 < ℎ6,789.., < 𝑢𝑝𝑝𝑒𝑟	𝑏𝑜𝑢𝑛𝑑 (39) 𝑤ℎ𝑒𝑟𝑒	𝑟1 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠, 𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠,	 ℎ6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	ℎ𝑒𝑖𝑔ℎ𝑡. 
5.3.2 Mechanical Parameter Bounds 
The mechanical parameter bounds were determined by the applied forces to the rotor and the 
strengths of the materials used.  Theoretically, parameter values within these constraints will 
result in a structurally successful design that will not fail at the final angular velocity. The 
mechanical design constraints were determined as: 
𝜎H/1)-1d+,³´µ¶·¸¸´ < 𝜎3+/𝑆𝐹, (40) 𝜎J)	<1E.E³´µ¶·¸¸´ < 𝜎3+/𝑆𝐹, (41) 𝜎H/1)-1d+,¹·³º < 𝜎3+/𝑆𝐹, (42) 𝜎J)	<1E.E¹·³º < 𝜎3+/𝑆𝐹, (43) 𝜏3+¹·³º	 < 𝜎3+/𝑆𝐹, (44) 0 < 𝜔 < 𝜎3+/𝑆𝐹 (45) 
𝑤ℎ𝑒𝑟𝑒	𝜎3+ = 𝑚𝑎𝑥𝑖𝑚𝑢𝑚	𝑑𝑒𝑠𝑖𝑔𝑛	𝑠𝑡𝑟𝑒𝑠𝑠	 𝑦𝑖𝑒𝑙𝑑 , 𝑆𝐹 = 𝑠𝑎𝑓𝑒𝑡𝑦	𝑓𝑎𝑐𝑡𝑜𝑟,	 𝜏3+ = 𝑚𝑎𝑥	𝑠ℎ𝑒𝑎𝑟	𝑠𝑡𝑟𝑒𝑠𝑠	 𝑃𝑎 , 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	 𝑟𝑎𝑑𝑠 .	 
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5.4 Optimisation Method 
The final method to determining the optimised design parameters consisted of utilizing both a 
global heuristic minimum finding method and a derivative-dependant local minima finding 
method to determine the true global minimum efficiently. The derivative-dependant method 
was implemented through the scipy.optimise.minimize python library.  
Derivative-dependant methods are supplied an initial guess and then utilise the derivative data 
surrounding that guess to iterate towards the minimum. This limits these methods to 
continuous design parameters as well as being heavily reliant on the initial guess being in the 
close vicinity of the true global minimum to produce successful results. The difficulty of 
achieving a successful result with a derivative dependant method was also found to be greatly 
enhanced when non-linear constraint equations are applied. Figure 11 shows the optimised 
system mass achieved by the derivative-dependant method for a range of initial guesses (See 
Appendix 9.14). By simply varying the outer radius and angular velocity of the initial guess 
array, the method concluded on a range local minimas. This occurred due to the nature of 
derivative-dependant methods which tend to locate local minimas in the near vicinity of the 
initial guess rather than the true global minimum.      
To overcome these limitations, Krack, Secanell and Mertiny (2011) suggested using a global 
heuristic method to determine the global minimum to a poor accuracy and then apply the 
Figure 11: Derivative-dependant method solution vs initial guess 
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gradient based method to refine the solution. Global heuristic methods acquire the objective 
function minimum through creating a mesh of objective function values throughout the 
permissible design parameter sample space governed by the geometric and mechanical 
constraint equations. This method has the advantages of being able to incorporate discrete 
variables as well as effectively determining the true global minimum. However, it is 
extremely inefficient especially when many design parameters are involved.  
For the purpose of proving convergence, a 1MJ, 100kW system was optimised within the 
design constraints in Appendix 9.14. Figure 12 details a range of system masses acquired 
from solely the global optimisation approach applied over an increased number of data points 
within the permissible region. The method in Appendix 9.14 was utilised which considered a 
range of objective function values for a generated mesh of parameter sets. The minimum 
objective function was then determined and a new mesh of parameter values within a close 
vicinity of the previously acquired minimum was generated and the process repeated. An 
attempt was made at implementing the particle swarm technique however poor convergence 
on the true global minimum was observed and the method was abandoned. As can be seen in 
Fig. 12, a clear convergence of system mass is achieved with an increase in mesh density. 
However, the computational time (Fig. 13) increases at a more significant rate than the 
convergence inferring that a more efficient method is required.   
Therefore, the final optimisation method aimed to benefit from the strengths of each 
individual method to maximize the efficiency of finding an accurate set of design parameters. 
The global heuristic method was applied to the permissible parameter values as determined by 
the constraints in Section 5.3.1 and 5.3.2. This resulted in a four-dimensional mesh of 
Figure 12: Convergence of global heuristic method Figure 13: Computational time vs data point count 
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objective function values from design variables which produce structurally sound FES 
Systems. From this mesh, the minimized value was acquired as the result from the global 
heuristic method applied to a poor accuracy. This result was then supplied to the derivative-
dependant method to further refine the solution to the true global method. The effectiveness 
of this overall method is reliant on the global method solution acquiring a result in the very 
near vicinity of the true global minimum.  
To ensure this, the mesh density was refined until a clear convergence of the optimised result 
was attained. Figure 14 shows the optimised total system mass achieved when the combined 
optimisation method is applied.  
As can be seen, the total system mass converges on a mass of approximately 60kg far more 
efficiently than the global method by itself. Supplying the result of the initial global heuristic 
method utilising just 45 data points to the derivative dependant method was satisfactory for 
achieving a complete convergence. In respect to time, the combined method utilising just 39 
data points achieved a final system mass of 58.59 kg in 59 seconds of computation, far more 
efficient than the global method which had only converged to 77.6 kg in 8000 seconds. A 
decision was made to ensure that at least 50 data points within the permissible parameter 
search field were considered to ensure an accurate convergence was achieved.    
Figure 14: Convergence of objective function with data points for combined method 
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5.5 Solving the Optimisation Problem  
The optimisation problem consists of determining a combination of continuous and discrete 
parameters to achieve a desired energy storage within specified geometric bounds for an 
optimised mass or cost. The optimiser differs from existing methods through considering all 
of the main components of the system specified in Section 1.4 rather than just placing specific 
emphasis on just the flywheel. The optimisation problem was solved in the following three 
stages:   
1. Solving for the continuous parameters vales (flywheel inner radius, flywheel outer
radius, flywheel height and angular velocity) through the combined method outlined in
Section 5.4, for the ideal (lossless) case incorporating the rotor, containment structure
and motor. The objective functions for this stage are:
𝑚𝑎𝑠𝑠E7EL.3 = 𝑚𝑎𝑠𝑠/JLJ/ + 𝑚𝑎𝑠𝑠-J)L+1)3.)L + 𝑚𝑎𝑠𝑠<V  (46) 𝑐𝑜𝑠𝑡E7EL.3 = 𝑐𝑜𝑠𝑡/JLJ/ + 𝑐𝑜𝑠𝑡-J)L+1)3.)L + 𝑐𝑜𝑠𝑡<V  (47) 
2. Calculation of the required additional storage capacity through consideration of the
losses associated with bearings, air resistance and the motor generator unit. A decision
is made in this stage regarding the bearing type to be incorporated.
3. Consideration of the final discrete variable: flywheel and shaft materials. Stages one
and two are carried out for each of the material combinations in Table 4 to determine
the most optimal solution in regard to mass or cost.
5.5.1 First Stage - Rotor, Containment and Motor  
Solving the first stage involves generating a large mesh of objective function values from 
possible parameter value combinations within the specified geometric parameter bounds. This 
mesh is then applied to the list of mechanical constraint equations from Section 5.3.1 and 
5.3.2 and a new mesh of objective function values is achieved which produce a successful 
design. A successful design is considered as one which satisfies the energy storage capacity 
whilst also achieving design stresses below the yield properties of the materials used with 
applied safety factors. If the resulting new mesh consists of less than 50 data points, the 
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density of the original mesh is increased and the process is repeated until a satisfactory new 
mesh density is achieved. The minimum objective function value within the new mesh is then 
concluded as the solution to the global heuristic method.   
This low-accuracy solution is then supplied to a derivative-dependant method from the 
scipy.optimise.minimize library to achieve a more refined solution. The resulting 
parameter value list – objective function pair is then applied to a list of ‘checks’ to ensure that 
the result satisfies the energy storage capacity, specified geometric and design-specific 
mechanical constraints. If the result does not satisfy the design requirements, the supplied 
guess is adjusted slightly and the checking process repeated to ensure the result is successful. 
The result after stage 1 is a mass and cost including the rotor, containment structure and 
motor with no applied losses.  
5.5.2 Second Stage – Accounting for System Losses 
The second stage of solving the problem incorporates the power losses experienced by the 
system to further refine the achieved solution. The losses experienced at any point in time on 
the FES system are shown as: 
𝐿𝑜𝑠𝑠𝑒𝑠¢7EL.3 = 𝐿𝑜𝑠𝑠𝑒𝑠81)0+". + 𝐿𝑜𝑠𝑠𝑒𝑠*.+/1)"E + 𝐿𝑜𝑠𝑠𝑒𝑠<V  (48) 
To include the effect of losses on the final design, the system was modelled to determine the 
increase in storage capacity required to overcome the applied losses. In other words, the time 
required for the system to transition from full capacity to complete discharge, based on the 
desired power output was to be maintained. For example, using the 1 MJ, 100 kW example 
system from Section 5.4 at full capacity (1 MJ), the system will reach complete discharge in 
10 seconds at an output of 100 kW. The losses applied to the system from Eqn. 48 will 
increase the rate of energy leaving the system and therefore reduce the desired design 
discharge time. To maintain the discharge time, the system storage capacity must therefore be 
increased so that the combined power output and power losses at any point in time result in 
the same power output as the ideal system with no losses applied. This will result in a system 
of mass and cost greater than the ideal case.  
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A design decision was made in Section 4.7 to set the pressure inside the containment structure 
at 1mTorr irrespective of the design parameters. Furthermore, an efficiency of 95% was 
concluded on for the motor/generator unit as stated by Post, Fowler and Post (1993) for 
permanent magnet synchronous machines. The air resistance losses were modelled in Eqn. 5 
and the motor/generator unit losses as:  
𝐿𝑜𝑠𝑠𝑒𝑠<V = 1 − 𝜂<V ×𝑝𝑜𝑤𝑒𝑟J(Ld(L (49) 𝑤ℎ𝑒𝑟𝑒	𝜂<V = 𝑚𝑜𝑡𝑜𝑟/𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑜𝑟	𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑐𝑦 
The bearing losses however are dependent on the discrete variable: bearing type, and 
modelled in section 4.6.1 for mechanical and 4.6.2 for magnetic. To determine the bearing 
type most beneficial to the specific design, the added system size required to overcome the 
losses was calculated for both bearing types. Intuitively, one would conclude that the active 
magnetic bearings would always be more suitable due to their considerably lower losses. 
However, the model determines the additional total system size required to overcome the 
losses from each bearing type. In the mass-optimised case, the mass of each bearing type is 
then added to the system mass respectively. A conclusion can then be made as to whether the 
extra bearing mass and reduced required system mass when using active magnetic bearings 
outweighs the reduced bearing mass and increased required system mass when using 
mechanical bearings. The same applies for the cost-optimised case. 
Determining the additional system size within the model was achieved through first 
calucalating the discharge time of the ideal system based on the storage capacity and power 
output. A 4th order Runge-Kutta ODE solver and modified shooting method (See Appendix 
9.15) were then applied to the system with losses to iteratively increase the total storage 
capacity until the resulting discharge time was in the near vicinity of that of the ideal case.  
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5.5.3 Third Stage – Incorporating Material Options 
The final stage of the optimisation method applies the model to a range of flywheel and shaft 
material combinations. The materials for both components are listed in Table 4. 
Table 4: Material Choices for FES System (See Appendix 9.18) 
Component Material 𝜌 (kg/m3) E (GPa) 𝜎3+	(MPa) 𝜈 Price ($/kg) 
Flywheel AISI4340 steel 7850 205 500 0.3 1 
aluminium alloy 
7075 
2800 72 505 0.32 2 
Toray T1000G 
composite 
1560 110 1860 0.2 54 
Shaft AISI4340 steel 7850 205 500 0.3 1 
titanium alloy 4500 114 850 0.33 90 
nickel alloy 8850 207 500 0.32 45 
The optimised result for each material combination is acquired and the final optimised result 
is simply found through the lowest mass or cost from the optimised results of each material 
pair. Thus, the final result finds the most optimal system mass or cost considering both 
continuous (inner and outer radii, height and angular velocity) and discrete variables (bearing 
type, material pair).  
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6.0 Optimisation Results 
6.1 Optimising for Mass 
The 7.2MJ, 150kW transit bus FES system from Jordan, Herbst and Hayes (2002) was 
applied to the optimisation model with the geometric bounds in Eqn. 50 for the materials 
listed in Table 3. A safety factor of 1.75 was applied to the design stresses and 1.25 to the 
critical angular velocity. 
0.015 < 𝑟1 < 0.075, 0.2 < 𝑟J < 0.5, 0.1 < ℎ < 0.4 (50) 
The optimised result for each material pair combination is as follows:  
Figure 15: Comparison of optimised material combinations 
Bachelor of Engineering Thesis – Mechanical Engineering 
50 
Figure 15 provides the optimised mass and design parameters (Eqn. 36) for the 9 
combinations of flywheel and shaft materials listed in Table 4. Firstly, as seen in each 
material combination result, the design parameters concluded on values within the specified 
geometric equations in Section 5.3.1. Furthermore, the results found that the main 
contributing factor to the overall FES system mass was the flywheel material choice. The 
variation in overall mass for different shaft materials paired with a constant flywheel material 
was found to lie ±0.125% from the average as highlighted by the similar optimised masses for 
rotors with constant flywheel and different shaft materials. The most optimal flywheel 
material was found to be carbon fibre composite: Toray T1000G as expected from existing 
designs and literature. The paired shaft material that resulted in the overall lowest mass was 
AISI4340 steel (justified in section 6.1.3).  
Table 5 provides the complete final design specifications for the most optimal material pair 
combination of flywheel: Toray T1000G carbon fibre composite and shaft: AISI4340 steel in 
terms of mass.  
Table 5: Mass Optimisation Result (* inferred properties, **calculated from model in Appendix 9.13.2) 
System Transit Bus (Jordan, Herbst 
and Hayes, 2002) 
Optimisation Result 
Energy Storage Capacity (MJ) 7.2 7.57 
Design Parameters 
Inner radius (m) 0.018* 0.0173 
Outer radius (m) 0.223 0.27 
Height (m) 0.235* 0.1 
RPM 40000 32709 
Objective Function 
Total system mass (kg) (including 
bearings) 
250.83** 174.42 
Specific energy storage (kJ/kg, Wh/kg) 28.7, 7.8** 43.4, 12.06 
Specific power output (W/kg) 598.02** 860 
Rotor 
Mass (kg) 60 36.56 
Specific energy storage (kJ/kg) 120 207 
Flywheel 𝜎d/1)-1d+,	SF 1.67** 1.75 
Flywheel 𝜎<SF 1.91** 2.015 
Critical angular velocity SF 0.31** 1.42 
Shaft 𝜎d/1)-1d+,SF 55** 38.53 
Shaft 𝜎<SF 323** 26.67 
Shaft 𝜏3+	SF 111** 46.34 
Containment Structure 
Thickness (m) 0.086** 0.103 
Mass (kg) 128.33** 77.24 
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6.1.1 Objective Function – Mass 
The optimised result achieved a specific energy storage of 43.4 kJ/kg (12.06 Wh/kg) and 
860W/kg in comparison to the existing design with 28.7 kJ/kg (7.8 Wh/kg) and 598.02 W/kg 
respectively. This shows that optimising within the set geometric bounds was able to achieve 
the 7.2 MJ energy storage capacity paired with a 150 kW output power at a lower mass than 
the original design. It is worth mentioning that the existing design may not have been 
optimised for mass originally and a different set of or arrangement of geometric design 
constraints may have been applied. Regardless, the result proves that a more optimal design 
could be achieved in terms of mass for a similar size system. Furthermore, as shown in Fig. 
16, the achieved optimal design specific energy storage and specific power output produce a 
result expected by Briat et al (2007) for FES Systems.  
 
% rotor mass 214%** 211.27% 
Motor/Generator 
Mass (kg) 57.7** 57.7 
Bearings 
System mass to overcome mechanical 
bearing losses 
- 171.49 
Mechanical bearing mass (kg) 4.8* 2.92 
System mass with mechanical bearing 
mass added (kg) 
- 174.42 
System mass to overcome magnetic 
bearing losses 
- 171.49 
Magnetic bearing mass (kg) 9.6* 5.85 
System mass with magnetic bearing mass 
(kg) 
- 177.35 
Figure 16: Overlaying mass-optimised design onto ESS diagram from Briat et al (2007) 
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6.1.2 Design Parameters 
The optimised design consists of a rotor with a similar inner radius of 17.3 mm compared 
with the inferred 18 mm, larger outer radius of 270 mm compared with 223 mm, smaller 
height of 100 mm compared with the inferred 235 mm and lower angular velocity of 32709 
RPM compared with 40000 RPM for the existing design. Therefore, the rotor for the 
optimised system is shorter, wider and spins at a lower angular velocity. The relationship in 
Eqn. 1 shows that the energy storage capacity of the rotor is proportional to the mass moment 
of inertia and square of the angular velocity. Intuitively, an optimised design would consist of 
the greatest angular velocity attainable within mechanical limitations. The reason this does 
not occur is a result of the containment structure. As seen in Table 5, the containment 
structure alone contributes to 44% of the total mass of the system at 211% of the rotor mass. 
Minimizing the mass of the containment structure is therefore more advantageous to a 
minimized total mass than minimizing the mass of the rotor.  
Figure 17 and 18 were constructed from the optimised design parameters in Table 5 to 
illustrate how the modelled containment structure mass varies with angular velocity and 
flywheel height. As can be seen, the containment structure mass increases exponentially with 
angular velocity and linearly with flywheel height when the other parameters are maintained 
constant. The sharp increase in containment mass with angular velocity is the main driving 
factor in preventing the system from optimising to a higher angular velocity and lower mass 
moment of inertia. It is from this relationship that the angular velocity of the optimised system 
is lower than that of the existing transit bus FES system design. Another driving factor for the 
Figure 17: Angular velocity vs containment mass Figure 18: Height vs containment mass 
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reduce angular velocity is the larger flywheel outer radius. Maintaining the angular velocity 
and increasing the outer radius increases the tip speed as per the relationship: 
𝑣L1d = 𝑟J	×	𝜔 (51) 𝑤ℎ𝑒𝑟𝑒	𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠	(𝑚), 𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦	(𝑟𝑎𝑑/𝑠). 
Increasing the tip speed of the flywheel induces larger radial and tangential stresses in the 
wheel as a result of increased centrifugal forces. Therefore, the maximum angular velocity is 
limited by the maximum tip speed governed by the stresses in the material.   
Due to the modelling approach used for the containment structure, flywheels with greater 
heights will result in containment structures with larger masses as seen in Fig 18. Therefore, 
in order to achieve the lowest mass possible, the optimiser will maintain a flywheel height at 
the lower end of the specified geometric bounds, increasing the flywheel outer radius to 
achieve the desired energy storage capacity. Once the flywheel outer radius has reached the 
end of the specified outer radius constraint, the height is increased as a final resort to gaining 
additional storage capacity. This process is clearly evident in the comparison of material pair 
configurations in Fig 15. The system arrangements with composite flywheels all consisted of 
heights at the very lower bound of the specified geometric constraints. The AISI4340 
flywheel systems on the other hand had exhausted their available outer radius space resulting 
in outer radii at the upper extend of the specified bound and increased flywheel heights.   
6.1.3 Rotor and Containment 
The optimised system resulted in a rotor mass of 36.56 kg in comparison to the existing 
design with 60 kg. With this new mass, the optimised result also achieved a specific energy 
storage of 207 kJ/kg up from 120 kJ/kg in the existing design. As previously mentioned this is 
not necessarily an improvement on the exact optimisation conditions at which the original 
design was produced but rather proof that a more optimal design in terms of mass can be 
achieved. Table 5 shows that the rotor safety factors were dominated by the flywheel 
principal stress (1.75) and critical angular velocity (1.42). These safety factors prove that the 
design parameters were pushed to the mechanical limits of the materials used through the 
optimisation process. The large safety factors associated with the shaft stresses show that the 
shaft outer radius was dominated by the resistance to deflection required to maintain a 20% 
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buffer from the critical angular velocity. The shaft radius was more than sufficiently sized to 
account for the exerted stresses.  
Furthermore, as the shaft deflection was the limiting factor to the required shaft size, materials 
with better resistance to deflection are better suited to the shaft component. This is why the 
composite rotor with an AISI4340 steel shaft achieved a more optimal overall mass than the 
arrangement with the titanium alloy shaft. Titanium alloy has a far greater design stress to 
density ratio of 0.19 compared to AISI4340 steel with 0.064. However, because the shaft size 
is dominated by critical angular velocity and therefore deflection, the AISI4340 steel 
outperforms the titanium alloy due to its greater modulus of elasticity or degree of stiffness. 
This can be seen in Fig. 15 where the composite flywheel paired with a titanium alloy shaft 
required a shaft radius of 0.021 m compared with the AISI4340 steel shaft arrangement which 
required a shaft radius of only 0.017 m. 
6.1.4 Bearings 
For the ideal system with no bearing losses present, the optimised system was set at 7.2 MJ. 
When incorporating air resistance, motor/generator, and bearing losses, the system had to 
expand to overcome the losses and achieve the same discharge time. Figure 19 shows the 
system energy storage for the ideal case as well as the complete loss cases for both bearing 
types. This illustrates the additional system storage capacity and therefore additional mass and 
cost required to overcome the losses present. Figure 22 shows the power losses for each 
bearing type, highlighting the significantly greater losses associated with the mechanical type. 
It is worth noting that the maximum power losses of both bearing types are three orders of 
Figure 19: Additional energy storage required to 
overcome losses (150 kW case) 
Figure 20: Additional energy storage required to 
overcome losses (1.5 kW case) 
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magnitude less than the power output resulting in a very small if not negligible impact as seen 
in Fig. 19. Figure 20 provides a better example of the additional energy storage required to 
overcome the losses associated with each bearing type for the same system with a reduced 
power output of 1.5 kW. At this power output, the bearing losses are only one order of 
magnitude less and their impact on the system is evident as the increased system storage 
capacity required.  
The added system mass was found to be 171.49 kg for both bearing types. The model 
incorporates a shooting method to the accuracy of 0.001% of the expected run-down time 
(Fig. 19 and 20). The same increased system cost for both bearing types to overcome their 
respective losses implies that a negligible (less than 0.001% from the ideal run-down time) 
difference is apparent between them. This occurs due to the very low ratio of maximum 
bearing loss to output power of 4.33E-3 and 6.7E-4 for mechanical and magnetic types 
respectively. However, as seen in Table 5, the mass of the magnetic bearings is greater than 
that of the mechanical bearings at 5.85kg compared with 2.92kg respectively. When adjusting 
the total system mass to include the mass of the bearings, the mass of the system with 
mechanical bearings achieves a lower mass of 174.42kg compared with 177.35kg. One of the 
major limitations to selecting a bearing type in this manner is that the system may perform 
better in a quick discharge situation however have a very poor run-down time making it 
unsuitable for long term energy storage. Figure 21 details the run-down times for the 
optimised system in Table 5 highlighting the superiority of magnetic bearings in terms of 
longevity.  
Figure 19: Run down time for each bearing type Figure 20: Power losses for each bearing type 
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6.2 Optimising for Cost 
The same 7.2 MJ, 150 kW transit bus FES system from Jordan, Herbst and Hayes (2002) 
optimised in Section 6.1 was also optimised for cost with the following slightly altered 
geometric bounds: 0.015 < 𝑟1 < 0.045, 0.2 < 𝑟J < 0.5, 0.1 < ℎ < 0.4 (52) 
A similar safety factor of 1.75 was applied to the design stresses and 1.25 to the critical 
angular velocity for the same composite flywheel, steel shaft arrangement. The optimised 
result for each material pair combination is as follows:   
Figure 21: Cost Optimised results for each flywheel/shaft material combination 
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Similar to the results of the mass-optimised system in Fig. 15, the design parameters were 
kept within the specified bounds in Eqn. 52. The major contributing factor to the overall 
system cost was also found to be the flywheel with variances of just 3.6% between material 
pairs of similar flywheel material (composite flywheel data used). The most cost-optimal 
design was found to consist of an aluminium alloy flywheel paired with an AISI4340 steel 
shaft. The detailed results for this combination are listed in Table 6.  
Table 6: Cost Optimisation Results (* inferred value, **calculated from model in Appendix 9.13.2) 
System Transit Bus (Jordan, Herbst 
and Hayes, 2002) 
Optimised Results 
Flywheel Material T1000G composite aluminium alloy 7075 
Shaft Material AISI4340 steel AISI4340 steel 
Energy Storage Capacity (MJ) 7.2 7.57 
Design Parameters 
Inner radius (m) 0.018* 0.0195 
Outer radius (m) 0.223 0.384 
Height (m) 0.235* 0.189 
RPM 40000 8769.1 
Objective Function 
Total system cost ($) (including 
bearings) 
4519.5** 1961.45 
Total system mass (kg) (including 
bearings) 
246.95** 381.26 
Specific cost in terms of mass ($/kg) 18.3** 5.14 
Specific cost in terms of power ($/kW) 30.13** 13.08 
Specific energy storage (kJ/kg, Wh/kg) 29.16, 8.1** 19.86, 5.52 
Specific power output (W/kg) 607.41** 393.43 
Rotor 
Cost ($) 3075.42* 489.5 
Mass (kg) 60 246.08 
Specific cost ($/kg) 51.257* 1.99 
Flywheel 𝜎d/1)-1d+,	SF 1.67** 1.75 
Flywheel 𝜎<SF 1.91** 2.02 
Critical angular velocity SF 0.31** 1.36 
Shaft 𝜎d/1)-1d+,SF 55** 17.57 
Shaft 𝜎<SF 323** 10.25 
Shaft 𝜏3+	SF 111** 17.78 
Containment 
Thickness (m) 0.086** 0.0337 
Cost ($) 256.66** 115.62 
Mass (kg) 128.33** 57.82 
% rotor mass 214%** 23.5% 
Motor/Generator Unit 
Cost ($) 1185** 1185 
Mass (kg) 57.7** 57.7 
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6.2.1 Objective Function Comparison 
The cost-optimised system returned a flywheel and shaft material pair of aluminium alloy 
7075 and AISI4340 steel respectively. The optimised cost was $1961.45 with a corresponding 
mass of 381.26 kg. When compared to the mass-optimised case, the total system cost was 
down from $3255.1 (See Appendix 9.17) to $1961.45 and the mass up from 174.42 kg to 
381.26kg. Both meet the system requirements and highlight how a different optimising 
objective can result in a system with different resulting mass and cost properties that still 
achieves the desired performance. In comparison to the stated/inferred results of the existing 
design, a 56.6% decrease in system cost and a 54.46% increase in system mass was observed 
with the optimised system. This occurs as a result of change in flywheel material used 
between the two designs. Toray T1000G composite was used in the existing design which 
consists of a far greater design stress to density ratio of 1.19 compared to aluminium with 
0.18. Therefore, a far greater stress can be exerted on Toray T1000G composite than on 
aluminium alloy 7075 for a constant mass. However, this occurs at the trade-off of cost where 
aluminium alloy achieves a design stress to cost ratio of 252.5 compared to Toray T1000G 
composite with 34.4. Due to the cost-oriented nature of the optimisation, the aluminium alloy 
flywheel was calculated as the better suited material.  
Mechanical Bearings 
Cost required to overcome mechanical 
bearing losses ($) 
- 1790.21 
Mechanical bearing cost ($) - 171.325 
System cost with mechanical bearing 
cost added ($) 
- 1961.45 
Magnetic Bearings 
Cost required to overcome mechanical 
bearing losses ($) 
- 1790.21 
Magnetic bearing cost ($) - 318.175 
System cost with magnetic bearing cost 
added ($) 
- 2108.39 
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The cost-optimised system achieved a specific energy storage of 5.52 Wh/kg at the specific 
power output of 393.43 W/kg also placing the design inside the expected bounds for FES 
systems by Briat et al (2007) as seen in Fig. 24.  
 
 
The overall system therefore results in a total specific power output in terms of cost of 
13.08$/kW. This value is significantly lower than the expected $400-$800/kW range specified 
by Hebner, Beno and Herbst (2002). For the purpose of simplicity, the model incorporated 
only the main components including the rotor, bearings, containment structure and motor 
generator unit. FES systems include other components such as power electronics, gimbals and 
vacuum maintain equipment (compressor and seals) which would all be included in this total 
cost. Furthermore, the cost of the rotor and containment structure was simplified to their 
material costs. Manufacturing, labour and assembly of these components would also 
contribute to the total cost. For these reasons, the model returned a total specific cost below 
the expected range. In terms of just the rotor, Kaldellis (2010) states that FES System rotors 
will price in the range of $700-$800/kWh. As inferred from Appendix 9.17, the rotor 
achieved a specific cost in terms of energy storage of $232.7/kWh. Likewise, as this cost only 
incorporates the raw material cost, excluding costs associated with sourcing and 
manufacturing, the specific cost in terms of energy storage for rotor is expected to be below 
the range specified in literature. 
 
 
 
Figure 22: Overlaying cost-optimised design onto ESS diagram from Briat et al (2007) 
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6.2.2 Rotor and Containment Costing 
In solving for the optimal cost, it was found that the optimiser increased the value of the rotor 
component with the lowest specific cost. In this specific example, the specific cost of the 
aluminium alloy flywheel is 2$/kg in comparison to $1/kg for the AISI4340 steel shaft. 
Therefore, as seen in the design parameters section of the optimisation result in Table 6, the 
flywheel inner radius or shaft outer radius of the existing model was increased 72.2% to 
0.384m. As the storage capacity of the system was modelled as the kinetic energy of both the 
flywheel and shaft, a cost-optimised design would aim to maximize the energy storage 
capacity of the rotor component with the lowest specific cost. In this case, the specific cost of 
the flywheel outweighs that of the shaft and therefore the shaft radius of the cost-optimised 
design was increased by 8.33% of that of the inferred existing design and 9.83% of that of the 
mass-optimised design. This increasing of the shaft radius is far more profound when the ratio 
of specific cost between the rotor and shaft are larger. The specific cost of Toray T1000G 
composite is $42/kg in comparison to $1/kg for AISI4340 steel. This results in a very large 
difference in specific cost between the two materials which for the composite flywheel, steel 
shaft arrangement, resulted in a shaft radius pushed to the very upper extent of the geometric 
constraints (Eqn. 52) as seen in the parameter values in Fig. 23.   
In arrangements where the flywheel and rotor are of the same material, the problem simplifies 
to a mass-optimisation task where the final result is multiplied by the specific cost of the 
material used. In the case where the shaft specific cost is greater than the flywheel specific 
cost, the optimiser will reduce the shaft diameter until the design constraints are applicable. 
The titanium alloy consists of a specific cost of $90/kg which far exceeds the that of the other 
materials used. Therefore, for the systems in Fig. 23 where a titanium shaft is included, the 
inner flywheel radius or outer shaft radius is minimized to the lower extent of the geometric 
constraints. This occurs to a lesser degree when a composite rotor is utilised due to the lower 
specific cost ratio between the two materials of 1.67 compared to 45 when an aluminium 
flywheel is used.   
As discussed in the mass-constrained case of Section 6.1.2, the resulting optimised design 
was found to maintain the lowest flywheel height possible whilst also meeting the desired 
energy storage capacity to reduce the added cost of the containment structure. As the 
containment structure cost is proportional to its mass, and the mass increases exponentially 
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with flywheel height (Fig. 18), a minimized flywheel height is desired. However, because the 
selected containment structure material is aluminium alloy, the same as the flywheel for this 
specific case, the flywheel height is not constrained to the lower extent of the geometric 
parameters. For cases where the flywheel material specific cost was less than that of the 
containment structure, the height was minimized to preserve cost as seen in the AISI4340 
steel flywheel, titanium alloy shaft arrangement in Fig. 23. 
6.2.3 Bearings 
Similar to Section 6.1.4 from the mass-optimised case, the cost of the system required to 
overcome the losses from the two types of bearings was determined. The increased system 
cost (without the added bearing cost) required to overcome the mechanical bearing losses was 
modelled at $1790.21 for both bearings. The same increased system cost for both bearing 
types to overcome their respective losses implies that a negligible (less than 0.001% from the 
ideal run-down time seen in Fig. 26) difference is apparent between them. This occurs due to 
the very low ratio of maximum bearing loss to output power of 1.06E-3 and 4E-4 for 
mechanical and magnetic bearings respectively (Fig. 25).  
When adding the estimated cost for each bearing type to the system, the system with 
mechanical bearings was found to achieve a lower total cost at $1972.85 in comparison to 
$2119.44 for the system with magnetic bearings. However, as stated in Section 6.1.4, this 
method of determining the bearing type is only suitable if the system is not designed to store 
energy for extended periods of time.  
Figure 23: Power losses for each bearing type Figure 26: Additional energy storage to overcome losses 
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7.0 Conclusion 
A complete analysis of a partially integrated flywheel energy storage system was successfully 
conducted. The flywheel inner radius, flywheel outer radius, flywheel height and rotor 
angular velocity were selected as the key design parameters to which the system would be 
modelled from. The key components of the system were concluded as the rotor, consisting of 
flywheel and supporting shaft; containment structure; bearings, either active magnetic or 
mechanical contact and the motor/generator unit. The complete system model included: 
• a three-dimensional stress analysis of the flywheel and supporting shaft which
concluded on resulting von Mises, principal and maximum shear stresses.
• a relationship between the design properties and required containment structure size to
safely contain the system in the event of a rotor failure.
• The losses expected from both active magnetic and mechanical contact bearings as
well as air resistance and motor/generator unit inefficiencies.
• Mass and cost approximations for the rotor, containment structure, bearings and
motor/generator unit.
Each component model was applied to the three existing designs for the purpose of validation. 
The existing FES system designs included a space station system from Hebner, Beno and 
Walls (2002), a transit bus system from Jordan, Herbst and Hayes (2002) and an ALPS 
locomotive system from Hearn et al (2007). The rotor model returned energy storage 
capacities in the vicinity of 110% of the existing designs for the space station and locomotive 
systems and 174% for the transit bus system. Justifications were made for the large 
discrepancy in transit bus system storage capacity largely focussed on the inaccuracies of the 
assumptions made in modelling that particular system. Furthermore, the resulting flywheel 
principal and von Mises stresses from the operating conditions achieved safety factors in the 
vicinity of 1.75 over the three designs which was in the vicinity of expected values of 2 from 
Hearn (2007) and 1.4 from Post, Fowler and Post (1993). Lastly, the achieve safety factors for 
the shaft design stresses were found to greatly surpass those of the flywheel. Similarly, 
justifications involving inaccurate modelling assumptions, material choices and the possibility 
of shafts with varied diameters were pinpointed for the discrepancies.     
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For the modelled containment structure, all three designs achieved containment masses in the 
range of 150% to 220% of the rotor mass which satisfied the expected range set by 
Rodriguez, Studer and Baer (1983) and Bender (2015). The containment structure model was 
found to be limited to flywheels of reduced heights and angular velocities with steep increases 
in mass and cost when those values increase.  
The containment model was found to be limited to FES systems with reduced flywheel 
heights and angular velocities due to the large increase in mass and cost when those 
parameters are increased. The modelled losses for both the active magnetic and mechanical 
contact bearings were found to lie in the 1-3% range specified by Hearn (2013) and in the 
vicinity of 5% specified by Strasik et al (2007) respectively. Inaccurate assumptions made in 
modelling the mechanical bearings were deemed responsible for the inaccuracies found.  
The final optimisation method successfully achieved a set of design parameters which 
returned the lowest system mass and cost whilst also satisfying the desired energy storage 
capacity, power output, specified geometric and design-specific constraints.  The method 
involved the optimisation of the continuous parameters: flywheel inner radius, flywheel outer 
radius, flywheel height and rotor angular velocity as well as the discrete parameters: flywheel 
material, shaft material and bearing type. The optimisation approach capitalised on the 
strengths of both a heuristic global and derivative-dependant local optimisation scheme. The 
first stage included a heuristic global optimisation approach which considered a range of 
objective function values throughout a mesh of design parameter combinations. This method 
provided the global minimum to a poor accuracy which was then refined by the derivative-
dependant method to achieve the true global minimum. The combined method was found to 
be far more efficient at converging on the final solution in terms of both required global data 
points and computational time.  
The transit bus FES system from Jordan, Herbst and Hayes (2002) was optimised in terms of 
both mass and cost and compared to expected FES system literature values and the results of 
the existing model. The mass optimised system achieved a specific energy storage of 12.06 
Wh/kg at a specific power of 860 W/kg whereas the cost optimised system achieved 5.52 
Wh/kg and 393.43W/kg respectively. Both of these systems achieved values in the expected 
range for FES systems by Briat et al (2007). The containment structure was concluded as the 
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limiting factor to increasing the angular velocity of the rotor and intern minimizing the 
required system mass and resulting cost. The stress state in the mass optimised rotor was 
found to be dominated by the flywheel principal stress and critical angular velocity which 
resulted in values of 1.75 and 1.2 respectively. For this reason, the mass optimised rotor was 
achieved with a composite flywheel and AISI4340 steel shaft due to the composite’s high 
design stress and the steel’s high resistance to deflection. The cost-optimised design was 
found minimize the size of the design component with the greatest specific cost. An 
aluminium alloy 7075 flywheel and AISI4340 steel shaft were determined as the most cost-
optimal material pair.  In this system, the shaft material consisted of a lower specific cost than 
the flywheel and therefore the shaft radius was reduced below that of the existing design.    
The bearing type was determined through applying the specified power output at full storage 
capacity and determining the ideal case discharge time. This added system mass and cost 
required to maintain this discharge time was then determined and the final mass and cost for 
the system specific to each bearing type compared to determine the more efficient option. The 
system with mechanical bearings achieved a lower total mass and cost in both the mass and 
cost optimised designs. This bearing type selection method was found to be limited to systems 
which are not required to store energy for extended periods of time as in this case, magnetic 
bearings with far superior efficiency properties would always be more suitable.      
7.1 Future Recommendations  
Future recommendations for this project would include incorporating different FES system 
architectures; additional FES system components; improved optimisation efficiency and 
increased number of bearing types and material options. Most FES system fall into one of 
three categories: integrated, partially integrated or non-integrated. A future recommendation 
would be to include these three model architectures as discrete variables, optimising over each 
one and determining the most optimal architecture for a specific application. Another 
recommendation is to include the additional components not covered in this project. These 
include the power electronics, both for the active magnetic bearings and the overall system; a 
gimbal, to maintain the spin axis and reduce gyroscopic effects when the system is in motion 
and vacuum maintaining components such as a compressor, seals, etc. With these inclusions, 
the resulting system mass and cost will more accurately reflect the literature values. 
Furthermore, to truly appreciate the benefits of optimisation, additional material options and 
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bearing types could be included to extend the range of possible options. Lastly, a further 
refined, more efficient optimisation approach would be beneficial to this project to completely 
ensure the accuracy of the optimised result, especially with the incorporation of additional 
discrete variables mentioned.  
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9.0 Appendix 
9.1 Kinetic Energy Equation 𝐸h = 12 𝐼3(𝜌, 𝑟1, 𝑟J, ℎ6,789..,)𝜔_𝑤ℎ𝑒𝑟𝑒	𝐼3 = 𝑟𝑜𝑡𝑜𝑟	𝑚𝑎𝑠𝑠	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝑖𝑛𝑒𝑟𝑡𝑖𝑎,	𝜔 = 𝑟𝑜𝑡𝑜𝑟	𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑐𝑜𝑖𝑡𝑦	(𝑟𝑎𝑑/𝑠). 
𝐼3 = 𝑚6,789..,2 𝑟J_ + 𝑟1_ + 𝑚E9+6L2 𝑟1_ 𝑤ℎ𝑒𝑟𝑒	𝑚6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑚𝑎𝑠𝑠 = 𝜋 𝑟J_ − 𝑟1_ ℎ6,789..,𝜌6,789..,	 𝑚E9+6L = 𝑠ℎ𝑎𝑓𝑡	𝑚𝑎𝑠𝑠 = 𝜋𝑟1_ ℎ6,789.., + 𝐿+ + 𝐿- 𝜌E9+6L 𝑟J = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠, 𝑟1 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠, ℎ6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	ℎ𝑒𝑖𝑔ℎ𝑡,	 𝜌6,789.., = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑑𝑒𝑛𝑠𝑖𝑡𝑦, 𝜌E9+6L = 𝑠ℎ𝑎𝑓𝑡	𝑑𝑒𝑛𝑠𝑖𝑡𝑦	, 𝐿+, 𝐿-= 𝑠ℎ𝑎𝑓𝑡	𝑠𝑒𝑐𝑡𝑖𝑜𝑛	𝑙𝑒𝑛𝑔𝑡ℎ𝑠	(𝐴𝑝𝑝𝑒𝑛𝑑𝑖𝑥	? ) 
9.2 Air Resistance Losses 
Model for Air resistance losses from Zhang and Mi (2011): 𝑃+1/	,JEE.E = 0.04×𝜌+.×𝛽+._ 𝜔𝑟J ]. ℎ6,789..,2𝑟J + 0.33𝜌+ = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦	𝑜𝑓	𝑎𝑖𝑟 = 𝑃𝑅𝑇 = 𝑃287.05×297𝛽+ = 𝑑𝑦𝑛𝑎𝑚𝑖𝑐	𝑣𝑖𝑠𝑐𝑜𝑠𝑖𝑡𝑦	𝑜𝑓	𝑎𝑖𝑟 = 1.846×10}  	 𝑘𝑔𝑚𝑠
9.3 Mechanical Bearing Loss Equations from SKF (2016) 
𝑀C = 𝑀// + 𝑀¢£ + 𝑀D/+" 
where 𝑀C = 𝑡𝑜𝑡𝑎𝑙	𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝑎𝑙	𝑚𝑜𝑚𝑒𝑛𝑡 𝑀// = 𝑟𝑜𝑙𝑙𝑖𝑛𝑔	𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝑎𝑙	𝑚𝑜𝑚𝑒𝑛𝑡 𝑀¢£ = 𝑠𝑙𝑖𝑑𝑖𝑛𝑔	𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝑎𝑙	𝑚𝑜𝑚𝑒𝑛𝑡 𝑀0/+" = 𝑑𝑟𝑎𝑔	𝑚𝑜𝑚𝑒𝑛𝑡 
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The power loss is then determined by the relationship as: 
𝑃3.-9+)1-+,	*.+/1)"	,JEE = 1.05×10}×𝑀C×𝜔 
Figure 24: SKF (2016) 
𝜙1E9 = 𝑖𝑛𝑙𝑒𝑡	𝑠ℎ𝑒𝑎𝑟	ℎ𝑒𝑎𝑡	𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛	𝑓𝑎𝑐𝑡𝑜𝑟 = 11 + 1.84×10}½ 𝑅𝑃𝑀×𝐷3 ]._×𝜈C.¤ 𝜙/E = 𝑘𝑖𝑛𝑒𝑚𝑎𝑡𝑖𝑐	𝑟𝑒𝑝𝑙𝑒𝑛𝑖𝑠ℎ𝑚𝑒𝑛𝑡	𝑟𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛𝑓𝑎𝑐𝑡𝑜𝑟 = 1𝑒(¤×]¿À)ÁÂ×ÃH< DÄÅDÆ  . _ DÆ}DÄ𝐺// = 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐	𝑎𝑛𝑑	𝑙𝑜𝑎𝑑	𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 = 4.78×10}¤ × 𝐷3 _.` 𝐹/ .`] 𝐷3 = 𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑚𝑒𝑎𝑛	𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 = 2.5𝑟1, 𝐷1 = 𝑖𝑛𝑛𝑒𝑟	𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 = 2𝑟1 𝐷J = 𝑜𝑢𝑡𝑒𝑟	𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑑𝑖𝑎𝑚𝑒𝑡𝑒𝑟 = 3𝑟1 𝐹/ = 𝑟𝑎𝑑𝑖𝑎𝑙	𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒	𝑓𝑜𝑟𝑐𝑒 𝜈C = −43𝑇 + 143.83 𝑇 = 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒	𝑖𝑛	𝑑𝑒𝑔𝑟𝑒𝑒𝑠	𝐶𝑒𝑙𝑠𝑖𝑢𝑠 𝑟1 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠 
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Figure 25: (SKF, 2016) 
𝐺¢£ = 2.1×10}_ × 𝐷3 .½𝐹(, 𝑤ℎ𝑒𝑟𝑒	𝐹( = 𝑢𝑛𝑏𝑎𝑙𝑎𝑛𝑐𝑒	𝑓𝑜𝑟𝑐𝑒 𝜇¢£ = 0.15×𝜙*, + 0.05× 1 − 𝜙*,𝜙*, = 1𝑒_.¤×]¿À ÃH<×ÁÂ Ç.È(D) 
Drag Moment 𝑀0/+" = 0.4𝑉<𝐾*+,, 𝑑3  𝑛_ + 1.093×10}É𝑛_𝑑3` 𝑛𝑑3_ 𝑓L𝜈 }].`É½ 𝑅E 𝐻J1, = 𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑜𝑖𝑙	ℎ𝑒𝑖𝑔ℎ𝑡 = 𝑎𝑠𝑠𝑢𝑚𝑒𝑑	0.1𝑟1, 𝑤ℎ𝑒𝑟𝑒	𝑟1 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑖𝑛𝑛𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠 𝑉< = 𝑑𝑟𝑎𝑔	𝑙𝑜𝑠𝑠	𝑓𝑎𝑐𝑡𝑜𝑟 = 0.00001	(𝐷𝑖𝑎𝑔𝑟𝑎𝑚	4, 𝑃𝑔	112	 𝑆𝐾𝐹, 2016 )	 
𝐾*+,, = 𝐾Ë 𝐷J + 𝐷1𝐷J − 𝐷1 ×10}]_ 𝐾Ë = 𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑡𝑦𝑝𝑒	𝑟𝑒𝑙𝑎𝑡𝑒𝑑	𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐	𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡= 5.5	(𝑠𝑝ℎ𝑒𝑟𝑖𝑐𝑎𝑙	𝑟𝑜𝑙𝑙𝑒𝑟	𝑏𝑒𝑎𝑟𝑖𝑛𝑔𝑠, 𝑇𝑎𝑏𝑙𝑒	5, 𝑃𝑔	112	 𝑆𝐾𝐹, 2016 ) 	 𝑛 = 𝑟𝑜𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙	𝑠𝑝𝑒𝑒𝑑	(𝑅𝑃𝑀) 
𝑡 = 2 cos}] 0.6𝐷3 − 𝐻J1,0.6𝐷3𝑖𝑓	𝑡 < 𝜋: 𝑓L = sin 0.5𝑡
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𝑖𝑓	𝜋 < 𝑡 < 2𝜋: 𝑓L =1 𝑅E = 0.36𝐷3_ 𝑡 − sin 𝑡 𝑓+ 
𝑓+ = 0.05×𝐾Ë 𝐷J + 𝐷1𝐷J − 𝐷1
9.4 Magnetic Bearing Levitation Force  
All equations in this section were acquired from Chiba et al (2005) 
𝐹/+01+, = 𝑘1@4 𝐼* → 		 𝐼* = 4𝐹/+01+,𝑘1@
𝑘1@ = 2 𝑁_𝜇𝐴EL+LJ/	dJ,.2𝛿 cos 𝜋𝑁dJ,.-J()L𝛿
𝐴EL+LJ/	dJ,. = 𝐿× 2𝜋𝑟1× 𝜃C360𝑤ℎ𝑒𝑟𝑒	𝐿 = 𝑏𝑒𝑎𝑟𝑖𝑛𝑔	𝑎𝑥𝑖𝑎𝑙	𝑙𝑒𝑛𝑔𝑡ℎ = 𝑎𝑠𝑠𝑢𝑚𝑒𝑑	𝑎𝑡	2𝑟1,	 𝜃C = 𝑠𝑡𝑎𝑡𝑜𝑟	𝑝𝑜𝑙𝑒	𝑎𝑟𝑐	𝑎𝑛𝑔𝑙𝑒 = 60	𝑑𝑒𝑔	𝑡𝑜	𝑚𝑜𝑑𝑒𝑙	𝐹𝑖𝑔	?	,	 𝛿3* = 𝑎𝑖𝑟	𝑔𝑎𝑝	 𝑚 = 0.001	× 2𝑟10.1	(using	ratio	from	Bakay	et	at	(2010)	example) 𝑃(E+". = 𝐼*𝑉, 𝑤ℎ𝑒𝑟𝑒	𝑉 = 28	𝑣𝑜𝑙𝑡𝑠	(𝑀𝑖𝑙𝑙𝑒𝑟	𝑎𝑛𝑑	𝐸𝑎𝑘𝑚𝑎𝑛, 1997) 
9.5 Magnetic Bearing Loss Equations 
𝑃97EL./.E1E = 𝐾9𝑓3+"𝐵].¤𝑉1/J) 𝐾9 = ℎ𝑦𝑠𝑡𝑒𝑟𝑒𝑠𝑖𝑠	𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 = 30×10_ 𝐽𝑚` 	 𝑅𝑎𝑗𝑝𝑢𝑡, 2007𝑓3+" = 𝑟𝑒𝑚𝑎𝑔𝑛𝑖𝑡𝑖𝑠𝑎𝑡𝑖𝑜𝑛	𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 = 𝜔𝜋𝐵 = 𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐	𝑓𝑙𝑢𝑥 = Þßàáâ_ãâ 	(Chiba et al, 2005) 𝑁 = 𝑛𝑢𝑚𝑏𝑒𝑟	𝑜𝑓	𝑐𝑜𝑖𝑙	𝑡𝑢𝑟𝑛𝑠 = 300	 (Chen and Hsu, 2002) 𝜇 = 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒	𝑚𝑎𝑔𝑛𝑒𝑡𝑖𝑐	𝑝𝑒𝑟𝑚𝑒𝑎𝑏𝑖𝑙𝑖𝑡𝑦	𝑜𝑓	𝑎𝑖𝑟 = 1	(Chiba et al, 2005) 𝑉1/J) = 𝑖𝑟𝑜𝑛	𝑐𝑜𝑟𝑒	𝑣𝑜𝑙𝑢𝑚𝑒 = 𝐴EL+LJ/	HJ,.	×	2𝑟1 
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𝑃.007	-(//.)L = 16𝜌/. 𝜋_𝑒_𝑓3+"_ 𝐵_𝑉1/J) 𝑤ℎ𝑒𝑟𝑒	𝜌/. = 𝑟𝑒𝑠𝑖𝑠𝑡𝑖𝑣𝑖𝑡𝑦	𝑜𝑓	𝑖𝑟𝑜𝑛	𝑐𝑜𝑟𝑒 = 9.71×10}𝛺𝑚, 
 𝑒 = 𝑠ℎ𝑒𝑒𝑡	𝑙𝑎𝑚𝑖𝑛𝑎𝑡𝑖𝑜𝑛	𝑡ℎ𝑖𝑐𝑘𝑒𝑛𝑠𝑠 = 0.18𝑚𝑚 (𝐾𝑎𝑠𝑎𝑟𝑑𝑎, 1997) 
9.6 Rotor Stress State 
Maximum radial stress from Borisavljević (2013): 𝜎/+0(𝑟) = 3 + 𝜈 𝜌𝜔_8 𝑟J_ + 𝑟1_ − 𝑟J_𝑟1_𝑟_ − 𝑟_
differentiate in terms of radius and set equal to zero to find maximum: 																																																				0åæç /0/ = `ÅÁ èéê _/Æê/Äê/ë − 2𝑟 = 0	 (3.4) 
rearrange for r: 𝑟 = 𝑟1 𝑟J 																																									𝜎/+0	3+ 𝑟1 𝑟J = `ÅÁ èéê 𝑟J_ + 𝑟1_ − 2𝑟1𝑟J 	  
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9.7 Shaft Deflection 
Schematic: 
Shear Force Diagram: 
Bending Moment Diagram: 
Bearing support reaction (RA) 
Flywheel weight + 
unbalance force/m (w) 
Bearing support reaction (RB) 
Lc h La 
 RA 
 RB 
 𝐿;  𝐿; + ℎ  𝐿; + 𝐿- + 	ℎ 
𝑆𝐹 = 𝑅+  𝑆𝐹 = 𝑅+ − 𝑤𝑥 𝑆𝐹 = 𝑅+ − 𝑤ℎ 
𝑀* = 𝑅+𝑥 𝑀* = 𝑅+𝑥 − 8(}£)ê_ 𝑀* = 𝑅+𝑥 − 𝑤ℎ ì𝑥 − 𝐿+ − 9_í 
 x 
 x 
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Calculating uniformly distributed load (w) which consists of the mass of the flywheel as well 
as the unbalance force at maximum angular velocity from Bakay et al (2010).  
𝑤 = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑚𝑎𝑠𝑠×𝑔𝑟𝑎𝑣𝑖𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙	𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛 + 𝐹()*+,+)-.ℎ6,789.., 	 
𝑤 = 𝑚6,789.., 𝑔+--.,./+L1J) + 𝐺𝜔ℎ6,789..,𝑤ℎ𝑒𝑟𝑒	𝑚6,789.., = 𝜋 𝑟_ − 𝑟1_ ℎ6,789..,𝜌6,789..,, 𝐺 = 6.3𝑚𝑚𝑠 (𝐵𝑎𝑘𝑎𝑦	𝑒𝑡	𝑎𝑙, 2010) 
Max bending moment occurs between La and La+h: 𝑀* = 𝑅+𝑥 − 𝑤 𝑥 − 𝐿+ _2
Differentiate in terms of x and solve for zero gradient: 𝑀* = 𝑅+𝑥 − 𝑤𝑥_ − 2𝑤𝑥𝐿+ + 𝑤𝐿+_2𝑑𝑀*𝑑𝑥 = 𝑅+ − 𝑤 𝑥 − 𝐿+ = 0 
Solve for x: 𝑥 = 𝑅+𝑤 + 𝐿+ 
Substitute x back into Mb to get the maximum bending moment: 𝑀* 𝑅+𝑤 + 𝐿+ = 𝑅+ 𝑅+2𝑤 + 𝐿+
𝑤ℎ𝑒𝑟𝑒	𝑅+ = 𝑤ℎ(𝐿+ + ℎ6,789..,2 )	𝐿+ + ℎ6,789.., + 𝐿-
Max shear is equal to Ra. 
Finding the Maximum Deflection by integration of the Bending-Moment Equation: 𝐸𝐼𝛿@@(𝑥) = 𝑅+𝑥 − 𝑤 𝑥 − 𝐿+ _2 = 𝑅+𝑥 − 12𝑤𝑥_ + 𝑤𝑥𝐿+ − 12𝑤𝐿+_  𝜕𝐸𝐼𝛿@@(𝑥)𝜕𝑥 = 12𝑅+𝑥_ − 16𝑤𝑥` + 12𝑤𝑥_𝐿+ − 12𝑤𝑥𝐿+_ + 𝐶] 
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Slope = 0 at point of maximum deflection. This occurs at the point of maximum bending 
moment.  𝐸𝐼𝛿@(𝑥) 𝑅+𝑤 + 𝐿+ = 0= 12𝑅+ 𝑅+𝑤 + 𝐿+ _ − 16𝑤 𝑅+𝑤 + 𝐿+ ` + 12𝑤 𝑅+𝑤 + 𝐿+ _ 𝐿+− 12𝑤 𝑅+𝑤 + 𝐿+ 𝐿+_ + 𝐶] 
Therefore: 𝐶] = 𝐿+`𝑤6 − 𝐿+_𝑅+2 − 𝐿+𝑅+_𝑤 − 𝑅+`3𝑤_
𝐸𝐼𝛿@(𝑥) = 12𝑅+𝑥_ − 16𝑤𝑥` + 12𝑤𝑥_𝐿+ − 12𝑤𝑥𝐿+_ + 𝐿+`𝑤6 − 𝐿+_𝑅+2 − 𝐿+𝑅+_𝑤 − 𝑅+`3𝑤_𝜕𝐸𝐼𝛿@(𝑥)𝜕𝑥 = 16 𝐿+`𝑤𝑥 − 12𝐿_𝑅+𝑥 − 14 𝐿_𝑤𝑥_ − 𝐿𝑅+_𝑥𝑤 + 16𝐿𝑤𝑥` − 𝑅+`𝑥3𝑤_ + 𝑅+𝑥`6 − 𝑤𝑥24 + 𝐶_
Deflection = 0 at x=0: 𝛿 0 = 0 = 𝐶_ 
Therefore, the formula for deflection is: 𝛿 𝑥 = − 1𝐸𝐼 16 𝐿+`𝑤𝑥 − 12 𝐿_𝑅+𝑥 − 14 𝐿_𝑤𝑥_ − 𝐿𝑅+_𝑥𝑤 + 16𝐿+𝑤𝑥` − 𝑅+`𝑥3𝑤_ + 𝑅+𝑥`6 − 𝑤𝑥24
Max Deflection occurs at  Ã8 + 𝐿+.𝛿3+ = 𝛿 𝑅+𝑤 + 𝐿+ = − 1𝐸𝐼 𝐿+𝑤24 − 𝐿+`𝑅+3 − 𝐿+_𝑅+_𝑤 − 5𝐿+𝑅+`6𝑤_ − 5𝑅+24𝑤` 	 
𝑤ℎ𝑒𝑟𝑒	𝑅+ = 𝑤ℎ(𝐿+ + ℎ6,789..,2 )	𝐿+ + ℎ6,789.., + 𝐿- ,	 𝑤 = 𝑚6,789.., 𝑔+--.,./+L1J) + 𝐺𝜔ℎ6,789..,
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9.8 Shaft Bending Calculations 
Bending Stress Equation: 																																																																												𝜎K = <7áî𝑀3+ = 𝑅+ 𝑅+2𝑤 + 𝐿+
𝑅+ = 𝑤ℎ(𝐿+ + ℎ2)	𝐿+ + ℎ6,789.., + 𝐿-𝑦 = 𝑟1 𝐼;(E9+6L) = 𝜋4 𝑟1 
9.9 Shaft Torque Calculations 
The equation for shear stress on the shaft as a result of torque from Juvinal and Marshek 
(2012) is: 𝜏 = 𝑇𝑟𝐽𝑇 = 𝑇𝑜𝑟𝑞𝑢𝑒 = 𝑚𝑎𝑠𝑠	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝐼𝑛𝑒𝑟𝑡𝑖𝑎	×𝑎𝑛𝑔𝑢𝑙𝑎𝑟	𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 = 𝐼3(/JLJ/)𝛼 𝑟 = 𝑠ℎ𝑎𝑓𝑡	𝑟𝑎𝑑𝑖𝑢𝑠 𝐽 = 𝑠ℎ𝑎𝑓𝑡	𝑝𝑜𝑙𝑎𝑟	𝑚𝑜𝑚𝑒𝑛𝑡	𝑜𝑓	𝑖𝑛𝑒𝑟𝑡𝑖𝑎 
The angular acceleration at which the rotor charges and discharges is proportional to the total 
storage divided by the output power.  
𝛼 = 𝜔3+ − 𝜔61)+,𝑑𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑒L13. = 𝜔3+𝐸ELJ/+"./𝑃𝑜𝑤𝑂𝑢𝑡𝜏3+ = 𝑇𝑟𝐽 = 𝐼3(/JLJ/)𝜔3+𝐸ELJ/+"./𝑃𝑜𝑤𝑂𝑢𝑡 × 𝑟1𝐽 	 
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9.10 Shaft Principal stresses in the three-dimensional stress state 𝜎], 𝜎_, 𝜎` = 𝑟𝑜𝑜𝑡𝑠	𝑜𝑓	𝑆` − 𝜎L+) + 𝜎/+0 + 𝜎*.)01)" 𝑆_ + 𝜎L+)𝜎/+0 + 𝜎/+0𝜎*.)01)" +𝜎*.)01)"𝜎L+) − 𝜏3+ 𝑆 − 𝜎L+)𝜎/+0𝜎*.)01)" − 𝜎/+0𝜏3+ 	in decreasing value 
(Juvinal and Marshek, 2012) 
9.11 Containment Structure Calculations 
Pressure exerted on inner wall (Pichot et al, 2013): 𝑃 = 𝜌6,789.., 𝑟 + 𝜕𝑟 _𝜔𝑡_1 + 𝜔_𝑡_ ` 1 − 𝜔𝑟J 1 + 𝜔_𝑡_(𝑟 + 𝜕𝑟)𝜔_𝑡 _
𝑤ℎ𝑒𝑟𝑒	𝑡 = 𝑟J + 𝑑𝑟 _ − 𝑟1_𝑟J𝜔 	 𝑑𝑟 = 𝑎𝑖𝑟	𝑔𝑎𝑝 = .`.___  ×𝑟1 (using ratio from Pichot et al (1997) example) 
Thick walled pressure vessel tangential stress: 
𝜎¥¥ = 𝑃 𝑟J(-J)L+1)3.)L) _ + 𝑟1(-J)L+1)3.)L) _𝑟J(-J)L+1)3.)L) _ − 𝑟1(-J)L+1)3.)L) _
𝑟J(-J)L+1)3.)L) = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠 + 𝑎𝑖𝑟	𝑔𝑎𝑝	 + 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑚𝑒𝑛𝑡	𝑡ℎ𝑖𝑐𝑘𝑛𝑒𝑠𝑠 𝑟1(-J)L+1)3.)L) = 𝑓𝑙𝑦𝑤ℎ𝑒𝑒𝑙	𝑜𝑢𝑡𝑒𝑟	𝑟𝑎𝑑𝑖𝑢𝑠 + 𝑎𝑖𝑟	𝑔𝑎𝑝 𝜎¥¥ = 𝑃 𝑟J + 𝑑𝑟 + 𝑡-J)L+1)3.)L _ + 𝑟J + 𝑑𝑟 _𝑟J + 𝑑𝑟 + 𝑡-J)L+1)3.)L _ − 𝑟J + 𝑑𝑟 _
Rearrange for tcontainment: 𝑡-J)L+1)3.)L
= − −𝑑𝑟_𝑃_ + 𝑑𝑟_𝜎_ − 2𝑑𝑟𝑃_𝑟J + 2𝑑𝑟𝜎7_𝑟J − 𝑃_𝑟J_ + 𝜎_𝑟J_ − 𝑑𝑟𝑃 + 𝑑𝑟𝜎7 − 𝑃𝑟J + 𝜎7𝑟J𝑃 − 𝜎7
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9.12 Objective Functions 
9.12.1 Mass: 𝑚𝑎𝑠𝑠E7EL.3 = 𝑚𝑎𝑠𝑠/JLJ/ + 𝑚𝑎𝑠𝑠-J)L+1)3.)L + 𝑚𝑎𝑠𝑠*.+/1)"E + 𝑚𝑎𝑠𝑠<V  
𝑤ℎ𝑒𝑟𝑒	𝑚𝑎𝑠𝑠/JLJ/ = 𝜋 𝑟_ − 𝑟1_ ℎ6,789..,𝜌6,789.., + 𝜋𝑟1_(ℎ6,789.., + 𝐿+ + 𝐿-)𝜌E9+6L 𝑚𝑎𝑠𝑠-J)L+1)3.)L= 𝜋 𝑟J + 𝑑𝑟 + 𝑡-J)L+1)3.)L _ − 𝑟J + 𝑑𝑟 _ ×ℎ6,789..,+ 𝜋 𝑟1 + 𝑑𝑟 + 𝑡-J)L+1)3.)L _ − 𝑟1 + 𝑑𝑟 _ × 𝐿+ + 𝐿- ×𝜌-J)L+1)3.)L𝑚𝑎𝑠𝑠*.+/1)"E = 𝑖𝑓	𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙:	0.08	×	𝑚𝑎𝑠𝑠/JLJ/, 𝑖𝑓	𝐴𝑀𝐵:	0.16	×	𝑟𝑜𝑡𝑜𝑟	𝑚𝑎𝑠𝑠 𝑚𝑎𝑠𝑠<V = 𝑠𝑝𝑒𝑐𝑓𝑖𝑐	𝑝𝑜𝑤𝑒𝑟	 𝑘𝑤𝑘𝑔 /𝑝𝑜𝑤𝑒𝑟	𝑜𝑢𝑡𝑝𝑢𝑡	
9.12.2 Cost: 𝑐𝑜𝑠𝑡E7EL.3 = 𝑐𝑜𝑠𝑡/JLJ/ + 𝑐𝑜𝑠𝑡-J)L+1)3.)L + 𝑐𝑜𝑠𝑡*.+/1)"E + 𝑐𝑜𝑠𝑡<V  𝑤ℎ𝑒𝑟𝑒	𝑐𝑜𝑠𝑡/JLJ/ = 𝜋 𝑟_ − 𝑟1_ ℎ𝜌6,789..,×	$/𝑘𝑔 + 𝜋𝑟1_(ℎ + 𝐿E9+6L)𝜌6,789..,×	$/𝑘𝑔 𝑐𝑜𝑠𝑡-J)L+1)3.)L= 𝜋 𝑟J + 𝑑𝑟 + 𝑡-J)L+1)3.)L _ − 𝑟J + 𝑑𝑟 _ ×ℎ6,789..,+ 𝜋 𝑟1 + 𝑑𝑟 + 𝑡-J)L+1)3.)L _ − 𝑟1 + 𝑑𝑟 _ × 𝐿+ + 𝐿-×𝑑𝑒𝑛𝑠𝑖𝑡𝑦-J)L+1)3.)L×	𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐	𝑐𝑜𝑠𝑡	 $𝑘𝑔𝑐𝑜𝑠𝑡*.+/1)"E = 𝑖𝑓	𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙:	0.35	×	𝑐𝑜𝑠𝑡/JLJ/, 𝑖𝑓	𝐴𝑀𝐵:	0.65	×	𝑐𝑜𝑠𝑡/JLJ/	𝑐𝑜𝑠𝑡<V = 𝑠𝑝𝑒𝑐𝑖𝑓𝑖𝑐	𝑐𝑜𝑠𝑡	 $𝑘𝑤 ×	𝑝𝑜𝑤𝑒𝑟	𝑜𝑢𝑡𝑝𝑢𝑡 
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9.13 Component Model Validation 
9.13.1 Space Station Model Print Out 
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9.13.2 Transit Bus Model Print Out 
Figure 26: Transit Bus FES System (Hayes et al, 1999) 
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9.13.3 ALPS Train FES System 
Figure 27: ALPS Train FES System (Hebner, 2002) 
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9.14 System Convergence Example: 1MJ, 100kW System 
A 1MJ, 100kW FES system consisting of a Toray T1000G composite flywheel paired with a 
titanium alloy with a design safety factor of 1.75 was selected to model the benefits of each 
optimisation scheme.  
Design Constraints: 0.001 < 𝑟1 < 0.025, 0.01 < 𝑟J < 0.8 0.1 < ℎ < 0.5 
Figure 11 consisted of the results for the derivative-dependant optimisation scheme when a 
variety of initial guesses were supplied. Each data point was acquired through adjusting the x 
array supplied to the RunOpt method.  
Model Input: 
Model Output: 
The global results in Fig. 12 and 13 were acquired through applying the generateCoords 
python method within the FES_Optimiser class. The process at which this method operates is 
stated in Section 5.5.1.  The strength of the generateCoords method was increased to generate 
a greater number of data points within the permissible region as governed by the specified and 
mechanical constraints.  The method was slightly modified to return the minimized mass of 
the resulting parameter sets along with the computational solve time required and plotted in 
Fig. 12 and 13 to highlight the limitations of the global method.  
Model Input: 
Figure 14 was created through taking the global method result achieved with different 
strengths or mesh densities and applying the result to a local derivative dependent method to 
determine the minimum.  
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Model Input: 
where x = parameters values from the global method. 
9.15 Modified Shooting Method  
A modified shooting method was incorporated to determine the total energy storage required 
to achieve the same discharge time as the ideal case with no losses, for both mecahnical and 
magnetic bearings. The method first scales the ideal energy storage by a factor and then 
applies a 4th order Runge-Kutta ODE solver to determine the discharge time. If the discharge 
time is less than 99.99% of the ideal value, the energy storage is further scaled and the 
process repeated. If the discharge time is greater than 100.01% of the ideal value, the energy 
storage value is reduced by a smaller factor and the process repeated. The search area for the 
desired energy storage capacity to overcome the losses is continually reduced until the final 
value is concluded on as seen in Fig. 28.   
Figure 28: Transit bus optimised model - bearing losses for 1.5kW power output case 
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9.16 Optimisation Model Results – Transit Bus: Mass Case 
Input: 
Output: 
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9.17 Optimisation Model Results – Transit Bus: Cost Case 
Input: 
Output: 
Bachelor of Engineering Thesis – Mechanical Engineering 
91 
9.18 Material List 
Component Material 𝜌 (kg/m3) E (GPa) 𝜎3+	(MPa) 𝜈 Price ($/kg) 
Flywheel AISI4340 steel 7850 205 500 0.3 1 
aluminium alloy 
7075 
2800 72 505 0.32 2 
Toray T1000G 
composite 
1560 110 1860 0.2 54 
Shaft AISI4340 steel 7850 205 500 0.3 1 
titanium alloy 4500 114 850 0.33 90 
nickel alloy 8850 207 500 0.32 45 
Density, modulus and specific price values were acquired from Ashby (2011). 
Max Operating Stress: 
AISI4340 steel: (Hearn, 2013) 
aluminium alloy 7075: (Juvinal and Marshek, 2012) 
Toray T1000G composite: (Hearn, 2013) 
titanium alloy: (Hearn, 2013) 
nickel alloy: (Juvinal and Marshek, 2012) 
Poison’s Ratio: 
AISI4340 steel: (Juvinal and Marshek, 2012) 
aluminium 7075: (Juvinal and Marshek, 2012) 
Toray T1000G composite: (Conte and Nsofor, 2016) 
titanium alloy: (Juvinal and Marshek, 2012) 
nickel alloy: (Juvinal and Marshek, 2012) 
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9.19 Model Code – Python 3.4 
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